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Abstract

Learning-to-communicate (LTC) in partially observable environments has received increas-
ing attention in deep multi-agent reinforcement learning, where the control and communication
strategies are jointly learned. Meanwhile, the impact of communication on decision-making has
been extensively studied in control theory. In this paper, we seek to formalize and better under-
stand LTC by bridging these two lines of work, through the lens of information structures (ISs).
To this end, we formalize LTC in decentralized partially observable Markov decision processes
(Dec-POMDPs) under the common-information-based framework from decentralized stochastic
control, and classify LTC problems based on the ISs before (additional) information sharing. We
first show that non-classical LTCs are computationally intractable in general, and thus focus on
quasi-classical (QC) LTCs. We then propose a series of conditions for QC LTCs, under which LTCs
preserve the QC IS after information sharing, whereas violating which can cause computational
hardness in general. Further, we develop provable planning and learning algorithms for QC
LTCs, and establish quasi-polynomial time and sample complexities for QC LTC examples that
satisfy the above conditions. Along the way, we also establish results on the relationship between
(strictly) QC IS and the condition of having strategy-independent common-information-based
beliefs (SI-CIBs), as well as on solving Dec-POMDPs without computationally intractable oracles
but beyond those with SI-CIBs, which may be of independent interest.

I. Introduction

The learning-to-communicate (LTC) problem has emerged and gained traction in the area of (deep)
multi-agent reinforcement learning (MARL) [1}, [2, 3]. Unlike classical MARL, which aims to learn
control strategies that maximize the expected accumulated rewards, LTC seeks to jointly optimize
over both the control and the communication strategies of all the agents, as a way to mitigate the
challenges due to the agents’ partial observability of the environment. Despite the promising em-
pirical successes, theoretical understandings of LTC remain largely underexplored.

On the other hand, in control theory, a rich literature has investigated the role of communication
in decentralized/networked control [4} 5 (6] 7], inspiring us to rigorously examine LTC from such
a principled perspective. Most of these studies, however, focused on linear systems, and did not
explore the computational or sample complexity guarantees when the system model is not (fully)
known. More recently, a few studies [8, (9] explored the settings with general discrete (non-linear)
spaces, under special communication protocols and state transition dynamics (see for more
detailed discussions).
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More broadly, the design of communication strategies dictates the information structure (IS) of
the control system, which characterizes who knows what and when [10]. IS and its impact on the op-
timization tractability, especially for linear systems, have been extensively studied in (decentralized)
stochastic control, see [11,[12] for comprehensive overviews. In this work, we seek a more principled
understanding of LTC through the lens of information structures, with a focus on the computational
and sample complexities of the problem.

Specifically, we formalize LTC in the general framework of decentralized partially observable
Markov decision processes (Dec-POMDPs) [13]], as in the empirical studies [1} 2, [3]. To achieve
finite-time and sample complexity guarantees, we resort to the recent development in [14] on par-
tially observable MARL, based on the common-information-based (CIB) framework [15} [16] from
decentralized stochastic control, to model the communication and information sharing protocols
among agents. We detail our contributions as follows.

Contributions. (i) We formalize learning-to-communicate in Dec-POMDPs under the common-
information-based framework [15] (16} [14], allowing the sharing of historical information, and the
modeling of communication costs. (ii) We classify LTCs through the lens of information structures,
according to the ISs before (additional) information sharing, i.e., the baseline sharing. We then show
that LTCs with non-classical [11] IS of the baseline sharing can be computationally intractable in
general. (iii) Given the hardness, we thus focus on quasi-classical (QC) LTCs, and propose a series
of conditions under which LTCs preserve the QC IS after (additional) information sharing, whereas
violating which can cause computational hardness in general. (iv) We propose both planning and
learning algorithms for QC LTCs, by reformulating them as Dec-POMDDPs with strategy-independent
common-information-based beliefs (SI-CIBs) [16], a condition shown to be critical for tractable compu-
tation and learning [14]. (v) Quasi-polynomial time and sample complexities of the algorithms are
established for QC LTC examples that satisfy the conditions in (iii). Along the way, we also establish
a relationship between (strictly) quasi-classical ((s)QC) ISs and the SI-CIB condition in the frame-
work of [16] under certain assumptions, as well as a new result of solving general Dec-POMDPs
without computationally intractable oracles, beyond those with SI-CIBs, which thus advances the
results in [14]). These results may be of independent interest for studying general Dec-POMDPs. We
conclude with some experimental results to validate the implementability and effectiveness of our
algorithms.

I-A Related Work

Communication-control joint optimization. The joint design of control and communication
strategies has been well-studied in the control theory literature [6} (17} (18} [19, [7, [8, [9]. However,
even with model knowledge, the computational complexity (and associated necessary conditions) of
solving these models remains elusive, let alone the sample complexity when it comes to learning.
Moreover, these models mostly have special structures, e.g., with linear systems [18], [7]] and some-
times specific, fixed communication strategies (e.g., event-triggered ones) [6} [17, 19, 7], or sharing
only instantaneous observations [8}[9].

Information sharing and information structures. Information structure has been extensively
studied to characterize who knows what and when in (decentralized) stochastic control [11}12]. Our
paper aims to formally understand LTC through the lens of information structures. The common-
information-based approach to formalize information sharing in [15} [16] serves as the basis for our



work. In comparison, these results did not optimize/learn to share the information, and focused on
the structural results, without concrete computational (and sample) complexity analysis.

Partially observable MARL theory. Planning and learning in partially observable MARL are
known to be hard [20, 21} [22] 13]]. Recently, [23}24] developed polynomial-sample complexity algo-
rithms for partially observable stochastic games, but with computationally intractable oracles; [14]
developed quasi-polynomial-time and sample algorithms for such models, leveraging information
sharing among the agents. In contrast, our paper focuses on optimizing/learning to share, together
with control strategy optimization/learning.

II. Preliminaries

Notation. We use N, Q, R to denote the sets of all the natural, rational, and real numbers, respectively.
For an integer m > 0, we denote [m] := {1,2,---,m}. For a finite set X, we use |X| to denote the
cardinality of X, and use A(X) to denote the probability simplex over X'. For a random variable X,
we use 0(X) to denote the sigma-algebra generated by X. For o-algebras # on the space A} and %,
on the space X,, we denote by % ® &, the product o-algebra on the space X} x X,. We use 1[] to
denote the indicator function. Unless otherwise noted, the set {} considered is ordered, such that the
elements in the set are indexed.

II-A Learning-to-Communicate Formulation

For n > 1 agents, a (cooperative) learning-to-communicate problem can be described by a tuple

L = (H,S{A; nYiepn)he[H) Oi whiein) ey M ntiem e T O) pi AR R ne( ) AK 1 he()), where H de-
notes the length of each episode, and other components are introduced as follows.

II-A-1 Decision-making components

We use S to denote the state space, and A, , to denote the control action space of agent i at timestep
h € [H]. We denote by s, € S the state and by a;) the control action of agent i at timestep
h. We use ay, := (ayp, - ,a,,) € Ay = nie[n]‘Ai,h to denote the joint control action of all the n
agents at timestep h. We denote by T = {T},};¢p] the collection of state transition kernels, where
Spe1 ~ Tu(-|sp ay) € A(S) at timestep h. We use p; € A(S) to denote the initial state distribution. We
denote by O; j, the observation space and by o, ;, € O; j, the observation of agent i at timestep h. We use
o = (01,1, 02,15+ 0n,n) € O = lig[n) Oi,n to denote the joint observation of all the n agents at timestep
h. We use O = {Op}¢m) to denote the collection of emission functions, where o;, ~ Oy (-[sp,) € A(Oy,)
at timestep h and state s, € S. Also, we denote by Q; ;(-|sj,) the emission for agent 7, the marginal
distribution of o, given Oy(-|sy) for all s, € S. At each timestep h, agents will receive a common
reward r, = Ry(sp, ap), where Ry, : S x Aj, — [0, 1] denotes the reward function shared by the agents.

II-A-2 Communication components

In addition to reward-driven decision-making, agents also need to decide and learn (what) to com-
municate with others. At timestep h, agents share part of their information zj € Z;, with other agents,
where Zj, denotes the collection of all possible shared information at timestep h. Here we consider a
general setting where the shared information z, may contain two parts, the baseline-sharing part ZZ
that comes from some existing sharing protocol among agents, and the additional-sharing part z{  for



each agent i that comes from explicit communication to be decided/learned, with the joint additional-
sharing information zj := U[_,z];. This general setting covers those considered in most empirical
studies on LTC [1} 2 3], with a void baseline sharing part. We kept the baseline sharing since our
focus is on the finite-time and sample tractability of LTC, for which a certain amount of information
sharing is known to be necessary [14]. Note that z;, = ZZ Uz and ZZ Nzj = (. The shared information
is part of the historical observations and (both control and communication) actions. We denote by
ZS,ZZ, and Z7, the collections of all possible ZZ, z, and z7, at timestep h, respectively.

At timestep h, the common information among all the agents is thus defined as the union of
all the shared information so far: cj- = Ui’;llzt U zZ, and ¢+ = U?let, where ¢,- and ¢+ denote the
(accumulated) common information before and after additional sharing, respectively. The private
information of agent i at timestep h before and after additional sharing are denoted by p; ;- and
pin+, respectively, where p; - C{o;1,ai1,*+, @i n-1,0in}\Ch-> Pipr S{0i,1,4i1 @i p1,0; p}\cp+. We de-
note by py- := (p1p-*»Pup-) and pp+ := (pyp+, -, pup+) the joint private information before and
after additional sharing at timestep h, respectively. We then denote by 7;;- := p; ;- Uc,- and
Tj p+ = pi - Ucy+ the information available to agent i at timestep h, before and after additional sharing,
respectively, with 7j- := pj- U cp-, 7+ := pj+ U ¢j+ denoting the associated joint information. We use
Cn-+Ch» Pi = P it P Poe» Ti > Ti i Tn-, T+ to denote, respectively, the corresponding collections of
all possible cy-, ¢, Pi - Pi s Phes P> Tishes T lrt» Thes Ty -

We use m; j, to denote the communication action of agent i at timestep h, and it will determine
what information z{, she will share, through the way to be specified later. We denote by M, j, the
space of m; j,, and by my, := (myp,---,m, ) € My, := []'_; M;j, the joint communication action of all
the agents. We denote by K, : Z; — [0,1] the communication cost function and by xj, = Kj(zj) the
incurred communication cost at timestep 4, due to additional sharing.

II-A-3 System evolution

The system evolves by alternating between the communication and the control steps as follows.

Communication step: At each timestep h, each agent i observes o;; and may share part of her
private information via baseline sharing, receives the baseline sharing of information from others,
and forms p; ;- and c,-. Then, each agent i chooses her communication action, which determines
the additional sharing of information, receives the additional-sharing of information from others,
forms p; j+ and ¢j,+, and incurs some communication cost k. Formally, the evolution of information
is depicted as follows, which, unless otherwise noted, will be assumed throughout the paper. We
follow the convention that any quantity at 4 = 0 is empty/null.

Assumption I1.1 (Information evolution). For each h e [H],
(a) (Baseline sharing). ZZ = Xn(P(h-1)+»an-1,0y) for some fixed transformation xy;

(b) (Additional sharing). For each agent i € [n],2}, = ¢;u(pin-,m;y) for some function ¢, given
communication action m; j,, and m; € z7 ;; and the joint sharing zj := Uj¢[,,)2} , is thus generated
by zj = ¢p(py-, my), for some function ¢y;

(c) (Private information before sharing). For each agent i € [n], piy = & n(pi -1y i h-1,0in)
for some fixed transformation ¢;j;, and the joint private information thus evolves as pj- =
En(P(h=1y+>an-1,04) for some fixed transformation &j;

(d) (Private information after sharing). For each agent i € [n], p; j+ = p;i p-\2];

4



(e) ((Ti -, Tin+)-inclusion). For each agent i € 1], T; - C T; j+ C Tj (h41)-» and 0; , € Tj -

Note that as fixed transformations (e.g., x, and &;; above), they are not affected by the realized
values of the random variables, but dictate some pre-defined transformation of the input random
variables. See [15, [16l], and [14] for common examples of baseline sharing that admit such fixed
transformations when there is no additional sharing, and examples in on how they can be ex-
tended to the LTC setting. It should not be confused with some general function (e.g., ¢;; above),
which may depend on the realized values of the input random variables. (a) and (c) on baseline shar-
ing follow from those in [16} [14]]; (b) and (d) on additional sharing dictate how the communication
action affects the sharing based on private information. For example, a common choice of (M; j,, $; ;)
is that M; , = {0, 1}lPinl) for any p;p- € Piy- and m;, € M;p, ¢in(pin->m;y) consists of the k-th ele-
ment (with k € [|p; j-|]) of p; ;- if and only if the k-th element of m; j, is 1, while other elements are
0. As m; j, (dictating what to share) will be known given z{; (what has been shared), m; j, is thus also
modeled as being shared, i.e., m;, € z{,. This is also consistent with the models in [8} 9] on con-
trol/communication joint optimization. (e) means that the agent has full memory of the information
she had in the past and at present. We emphasize that this is closely related, but different from the
common notion of perfect recall [25], where the agent has to recall all her own past actions. Condition
(e), in contrast, relaxes the memorization of the actions, but includes the instantaneous observation
0; - This condition is satisfied by all the models and examples in [11} [15} (16} [14]. See also for
more examples that satisfy this assumption. Note that o0, € ;- was noted necessary in order to
have closed-loop ISs in the literature [12]], which are the focus of the present paper.

Meanwhile, for both baseline and additional sharing, we follow the model in the series of studies
on partial history/information sharing [15] [16], [14} 8 [9] that, if an agent shares, she will share the
information with all other agents as common information. Additionally, we follow the convention
from the literature on information structures [11}[12], by incorporating the o-algebra of the random
variables. These conventions lead to the following regularity assumption on information sharing.

Assumption I1.2. Viy, iy € [n], hy, hy € [H], iy # iy, hy <hy, if 0(0; n,) € 0(Ti, ;) then o(0; ) C o(cp;),
and if o(a;, ;) C 0(7i,p;), then o(a; ) C o(cp;); if 0(0;,,1,) € 0(Ti,p3), then o(0; p,) € o(cps), and if
o(aj,n) € o(Ti,n) then o(aj,n,) € olcns)

Assumptions [[I.1 will be made throughout the paper.

Decision-making step: After the communication, each agent i chooses her control action a4; j, re-
ceives a reward ry, and the joint action aj, drives the state to s;,1 ~ Tj(:|sp, ap).

II-A-4 Strategies and solution concept

At timestep h, each agent i has two strategies, a control strategy and a communication strategy. We
define a control strategy as gf’h :T;p» — A and a communication strategy as gl";l :Tip- — M, p. See
Lemma for a formal argument on the use of such deterministic strategies without loss of opti-
mality. We denote by g = (g ,,-*-, g, ;) the joint control strategy and by g," = (g1",,---, g,,,) the joint
communication strategy. We denote by G}, ,G,, G, G} the corresponding spaces of g7, ¢/"}, &1, 8},

The objective of the agents in LTC is to maximize the expected accumulated sum of the reward
and the negative communication cost from timestep h =1 to H:

H
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where the expectation E/ is taken over all the randomness in the system evolution, given the strate-
gies (7., 81"y )- With this objective, for any € > 0, we can define the solution concept of an e-team
optimum for L as follows.

Definition II.3 (e-team optimum). We call a joint strategy (g{.;;,8"yy) an e-team optimal strategy of
the LTC problem £ if
=a  =m

a m
- Eggn@ggg o J (&m0 811) — T (811 81i1) S €
1:H 1:H’81:H 1:H

II-B Information Structures of LTC

In decentralized stochastic control, the notion of information structure [26}, [11]] captures who knows
what and when as the system evolves. In LTC, as the additional sharing via communication will also
affect the IS and is not determined beforehand, when we discuss the IS of an LTC problem, we will
refer to that of the problem with only baseline sharing. In particular, an LTC £ without additional
sharing is essentially a Dec-POMDP (with potential baseline information sharing), as defined in
for completeness. We formally define such a Dec-POMDP induced by L as follows.

Definition II.4 (Dec-POMDP (with information sharing) induced by LTC). For an LTC prob-
lem £ = (H,S5{A; nlienhe(a) AOintieny hem)y IMinticinyhemp Tr O pos R b ne( ) 0 bne(a)), we call

a Dec-POMDP (with information sharing) D, the Dec-POMDP (with information sharing) in-
duced by L, if the agents share information only following the baseline sharing proto-
col of L, ie., without additional sharing, which can be characterized by the tuple D, :=
(H, S {A; whietn)he(H) (Oibicin ey Tr O, i, (R ne(n))- We may refer to it as the Dec-POMDP induced

by LTC or the induced Dec-POMDP for short.

In we introduced LTC in the state-space model. In contrast, information structure is of-
tentimes more conveniently discussed under the equivalent framework of intrinsic models [26]] (see
the instantiation for Dec-POMDPs in §F|for completeness). In an intrinsic model, each agent only
acts once throughout the system evolution, and the same agent in the state-space model at differ-
ent timesteps is now treated as different agents. There are thus n x H agents in total. Formally, for
completeness, we extend the intrinsic-model-based reformulation to LTCs in

(Strictly) quasi-classical ISs are important subclasses of ISs, which were first introduced for de-
centralized stochastic control [26},27], [12] (see the instantiation for Dec-POMDDPs in §F). An IS that
is not QC is non-classical [11},[12]. We extend such a categorization to LTC problems with different
ISs as follows.

Definition II.5 ((Strictly) quasi-classical LTC). We call an LTC L (strictly) quasi-classical if the Dec-
POMDP induced by L (see Definition is (strictly) quasi-classical. Namely, each agent in the
intrinsic model of D, knows the information (and the actions) of the agents who influence her,
either directly or indirectly.

Similarly, an LTC £ that is not QC is called non-classical. See for examples of QC and sQC
LTCs. Note that the categorization above is defined based on the ISs before additional sharing, as an
inherent property of the LTC problem, since additional sharing is the solution to be decided/learned.
We focus on finding such a solution next.



ITII. Hardness and Structural Assumptions

It is known that computing an (approximate) team-optimum in Dec-POMDDPs, which are LTCs with-
out information-sharing, is NEXP-hard [13]. The hardness cannot be fully circumvented even when
agents are allowed to share information: even if agents share all the information, the LTC problem
becomes a Partially Observable Markov Decision Process (POMDP), which is known to be PSPACE -
hard [20], 21]. Hence, additional assumptions are necessary to make LTCs computationally more
tractable. We introduce several such assumptions and their justifications below, whose proofs can
be found in

Recently, [28] showed that observable POMDPs [29]], a class of POMDPs with relatively informative
observations, admit quasi-polynomial time algorithms to solve. Such a condition was then extended
to Dec-POMDPs with information sharing in [14], which also developed quasi-polynomial time and
sample complexity algorithms.

As solving LTCs is at least as hard as solving the Dec-POMDPs considered in [14], we first also
make such an observability assumption on the joint emission function as in [14], to potentially avoid
computationally intractable oracles.

Assumption III.1 (y-observability [29,28][14]]). There exists a y > 0 such that Vh € [H], the emission
Oy, satisfies that Vb, by € A(S), ||O] by = OF by|, > y[|b1 = b2,

However, we show next that Assumption|[[II.1]is not enough when it comes to LTC, if the baseline
sharing IS is not favorable, and in particular, non-classical [11]]. The hardness persists even under a
few additional assumptions to be introduced later that will make LTC more tractable.

Lemma III.2 (Non-classical LTCs are hard). For non-classical LTCs under Assumptions |I1I.1} [[II.4
111.5, and [I11.7} finding an ;-team optimum is PSPACE-hard.

Note that the hardness comes from the intuition that, when communication costs are high, the
additional sharing from LTC will be limited, preventing the upgrade of the IS from a non-classical
one to a (quasi-)classical one, which is hard with only the joint observability of the emission (see
Assumption [[IL.1)), even along with several other assumptions.

By Lemma we will hence focus on quasi-classical LTCs hereafter. Indeed, QC is also known
to be critical for efficiently solving continuous-space and linear decentralized control [30, [31]]. How-
ever, quasi-classicality may not be sufficient for LTC, since the additional sharing may break the QC
IS, and introduce computational hardness, as argued below.

Firstly, the breaking of QC IS may result from the communication strategies. Specifically, the
communication strategy space in §[I-A-4Jallows the dependence on agents’ private information, which
introduces incentives for signaling [11] and can also cause computational hardness, as shown next.

Lemma III.3 (QC LTCs with full-history-dependent communication strategies are hard). For QC
LTCs under Assumption [III.1, together with Assumptions [[II.5, and [[II.7, computing a team-
optimum in the general space of (G, G'yy) with G := (g, : T; j- — M, .} is NP-hard.

The hardness in Lemma [III.3|originates from the fact that when depending on the private/local
information, determining the communication action can be cast as a Team Decision problem (TDP)
[32], which is known to be hard. This will be the case even when the instantaneous observations are
relatively observable (see Assumptions and [[IL.7).

To avoid this hardness, we thus focus on communication strategies that only condition on the
common information. Intuitively, this assumption is not unreasonable, as it means that which histor-
ical information to share is determined by what has been shared (in the common information). Note



that this does not lose generality in the sense that the private information p; - can still be shared.
It only means that the communication action is not determined based on p; ;-, and the additional
sharing is still dictated by z?’h =¢in(pin->miy) (see Assumption , depending on p; ;-

Assumption II1.4 (Common-information-based communication strategy). The communication
strategies take common information as input, with the following form:

Vie [ﬂ],h (S [H], gZZ : Ch* - Mi,h' (IHl)

Secondly, the breaking of QC IS may result from the control strategies: if some agent did not
influence others in the baseline sharing (and thus these other agents did not have to access the agent’s
information, while still satisfying QC), while she starts to influence others by sharing her (useless)
control actions, this will make her control strategies relevant. We make the following two assumptions
to avoid the related pessimistic cases, each followed by a computational hardness result when (only)
the condition is missing.

Specifically, sometimes the action of some agents may not influence the state transition. Such
actions are thus useless in terms of decision-making, when there is no information sharing. However,
if they were deemed non-influential, but shared via additional sharing, then the QC IS may break for
LTC. We thus make the following assumption.

Assumption IIL.5 (Control-useless action is not used). Vi € [n],h € [H], suppose agent i’s action
a;y, does not influence the state sj,;, namely, Vs, € S,a, € Ap,a;, € Ajp,a;, # ainTy(-|spay) =
Th(-Isp (@] ,,a_i ). Then, Vi’ > h, the random variable a; ; € 7, and a; j, € T

Lemma II1.6 (QC LTCs without Assumption [lII.5|are hard). For QC LTCs under Assumptions [[1I.1
[11.4, and [[I1.7} finding a team-optimum is still NP-hard.

Note that other than the justification above based on computational hardness, Assumption [[IL.5|
has been implicitly made in the IS examples in the literature when there are uncontrolled state dy-
namics, see e.g., [16}[14]. Moreover, we emphasize that for common cases where actions do affect the
state transition, this assumption becomes unnecessary.

Other than not influencing state transition, an action may also be non-influential if the emis-
sion functions of other agents are degenerate: they cannot sense the influence from previous agents’
actions. We thus make the following assumption on the emissions, followed by a justification result.

Assumption III.7 (Other agents’ emissions are non-degenerate). Vh e [H],i € [n], O_; j, satisfies that
Vbl,bQ € A(S) such that bl * bz, (O)——ri,hbl * @—_ri’th.

Lemma III.8 (QC LTCs without Assumption |[II.7|are hard). For QC LTCs under Assumptions [[II.1
111.4} and [II1.5 finding an e/H-team optimum is still PSPACE-hard.

We have justified the above assumptions by showing that missing one of them may cause com-
putational intractability of LTCs in general. Hence, Assumptions and [[I1.7] will be made
hereafter, unless otherwise noted. More importantly, as we will show later, as another justification,
LTCs under Assumptions [[II.4} [II.5] and [[II.7] can indeed preserve the QC/sQC information struc-
ture after additional sharing, making it possible for the overall LTC problem to be computationally
more tractable. More examples that satisfy these assumptions can also be found in




IV. Solving QC LTC Problems Provably

We now study how to solve QC LTC provably, via either planning (with model knowledge) or learning
(without model knowledge). The pipeline of our solution is shown in Figure |1, and proofs of the
results can be found in

Reformulation Expansion Refinement Compression
Problems: _— r —— T, 1)2: - M —
(IV. A) av.B) £ av.c) (V. D)
SI-CiB Approximate
QCLTC W/ Qc sQC (SI-CIB) | | Dec-POMDP 'Z'meon
assumptions Dec-POMDP Dec-POMDP w/ info .
. info model
evolution
Team-optimal

~ % ~ % —_k ~ %k
Solutions: (9T 91.0) gl:FI @ gl:ﬁ 910 918

Figure 1: Illustrating the subroutinesfor solving the LTC problems.

IV-A An Equivalent Dec-POMDP

Given any LTC L, we <can define a Dec-POMDP D, characterized by

(H, S A nicpmneiiip 1Oiniepneiay Tntnermy Onbneimy P {Rubyegm)» - such  that these two  are
equivalent (under the assumptions in

H=2H, §=S8, Sy-1 =5 =5n Aion-1=Min Aion=Ain Oion1=0in Opon=1{0}, w1 =p1,
Oop-1 = Op, Topo1(Sonls2n-1,2n-1) = L[son =Son-1), Ton(Son+1 1521 @2n) = Tn(Sons1 [S2m,@21),  (IV.1)

5 5 ~ o~ ~ ~ _ ~ _ b o~ _.a
Ron-1 ==K Ron=Ru Pi2n-1=0, Di2n=DPin» Con-1=Ch> Con=Ch+» Zan-1 =2p, Z2h =Zp,

for all (Z,h) S [n] X [H], Sy € S, ain € Ai’h,m,”h € Mi,hlpi,h* € ’Pi’h—,pi,pﬁ S ’Pi’hﬂch— S Ch—,Ch+ S ChﬂTi,h* S
T; b~ Tip+ € i p+. Note that we follow the convention of 7;j := p; , U<, for any h € [H], and at the
odd timestep 2t — 1 for any t € [H], we have p; 1 = @ under Assumption [[IL.4} i.e., in D/, each
agent only uses the common information so far for decision-making at timestep 2h—1. Correspond-
ingly, for any h € [H],i € [n], we denote by Z;, 3 the agent i’s strategy and the joint strategy, re-
spectively, and denote by 'g“,,,,,'g'h their associated spaces. Moreover, to unify the presentation, we
define that Yh € [H], Tp-1 = Ron-1(2n-1,82n-1,P2n-1) := —Kn(Pn(pan-1,@24-1)), with slight abuse of
notation, where p,,_; := pj- can be viewed as part of the underlying state. Similarly, we define
Top = ﬁzh(?zh,azh,pzh) := Ri(Sap,a21,), where pyy, := pp+. Hence, the objective of D, is defined as
o (8.7 = Ep, [T 7 1.)

Essentially, this reformulation splits the H-step control and communication decision-making
procedure into a 2H-step one. A similar splitting of the timesteps was also used in [8,[9]]. In compar-
ison, we consider a more general setting, where the state is not decoupled, and agents are allowed
to share the observations and actions at the previous timesteps, due to the generality of our LTC
formulation. The equivalence between £ and D/ is more formally stated as follows.



Proposition IV.1 (Equivalence between £ and D/ ). Let D, be the reformulated Dec-POMDP from

L satisfying Assumption then the solutions of the two problems are equivalent, in the sense

that Vg1 € Oy 81y € Gl i € (1) let 8.5 = (&1",81, -+, 811, 81y) then Jp, (81.7) = J £ (81 81y )- Also,

Vg1 € Grpi € [n), let gy = (81,8 871 81y = (8280 &), then J(87'y, 81.1) = I, (81.77)-
Also, the Dec-POMDP D/ preserves the QC information structure of L.

Theorem IV.2 (Preserving (s)QC). If £ is (s)QC, then the reformulated Dec-POMDP D, is also
(s)QC.

Proofs of Proposition and Theorem can be found in and respectively. By
Proposition [[V.1} it suffices to solve the reformulated D, that are QC/sQC, which is our focus next.

IV-B  Strict Expansion of D,

However, being QC does not necessarily imply D, can be solved without computationally intractable
oracles. Note that this is different from the continuous-space, linear quadratic case, where QC prob-
lems can be reformulated and solved efficiently [30, [31]]. With nonlinear, discrete spaces, the recent
results in [14] established a concrete quasi-polynomial-time complexity for planning, under the strat-
egy independence assumption [16]] on the common-information-based beliefs [15] [16]. This SI-CIB
assumption was shown critical for computational tractability [14]: it eliminates the need to enumerate
the past strategies in dynamic programming, which would otherwise be prohibitively large. Thus,
we need to connect QC IS to the SI-CIB condition for better computational tractability.
Interestingly, under certain conditions, one can connect these two conditions for the reformu-
lated Dec-POMDP D/. As the first step, we will expand the QC D, by adding the actions of the
agents who influence the later agents in the intrinsic model of D to the shared information. We de-
note the strictly expanded Dec-POMDP as Dz. We replace the ~ notation in D, by the ~ notation
in DE. All the elements remain the same, except the set of common information ¢,: for any h € [H]

o —~

A {aj,t|v]'e [n],t < h,0(T;) € 0(G), @,¢ influences 5,1 (IV.2)

and we follow the convention to define 7;;, := p; , U ¢, and Zj, = ¢}, \¢;_;. It is not hard to verify the
following.

Lemma IV.3. If D, is QC, then Dz is sQC.

In contrast to the reformulation in the expansion here cannot guarantee the equivalence
between D, and ’Dz: the strategy spaces of Dz are larger than those of D/, as each agent can now
access more information, i.e., 7;;, C 7; ;. Fortunately, the team-optimal value and strategy of both
Dec-POMDPs are related, as shown in the following theorem.

Theorem IV.4. Let D, be the QC Dec-POMDP reformulated from a QC LTC £, and Dz be the sQC
expansion of Dy. Then, for any e-team-optimal strategy & . of Dz, there exists a function ¢ such
that g{;ﬁ = (p(g”I:H,Dﬁ) is an e-team-optimal strategy of D, with Jp, @TH) = ]DZ(gI:H)'

Theorem shows that one can solve the QC D, by first solving the sQC expansion D%, and
then using an oracle ¢, as tabulated in Algorithm (3} to translate the solution back as a solution in
the strategy spaces of D, without loss of optimality. Importantly, we also show in Algorithm [4how
to implement such a ¢ function efficiently.

As shown below, a benefit of obtaining an sQC Dz is that, it also has SI-CIBs, making it possible
to be solved without computationally intractable oracles as in [14].
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Theorem IV.5. Let D} be an sQC Dec-POMDP generated from £ after reformulation and strict ex-
pansion, then DZ has strategy-independent common-information-based beliefs [16), [14]. More formally,
for any h € [H], any two different joint strategies §;.,_; and §1.,_1» and any common information ¢y,
that can be reached under both §;.,_; and g/, ,, for any joint private information p, € Py and state

S, €S, we have
+ +

Dt DL,
Py (1 Pr | € §1:0-1) = P, (s P 1 €r G102 1)- (IV.3)

IV-C Refinement of DZ

Despite having SI-CIBs, Dz is still not eligible for applying the results in [14]: the information
evolution rules of Dz break those in [16} [14]. Specifically, due to Assumption we set Tj p; 1 =
Cyt-1,Pipt-1 = O,Yt € [H],i € [n] in D, which violates Assumption 1 in [16, [14]. To address this
issue, we propose to further refine Dz to obtain a Dec-POMDP D/, which satisfies the information
evolution rules. We replace the ~ notation in DZ by the ™ notation in D,. The elements in D,
remain the same as those in DZ, except that the private information at odd steps is now refined as:
for any t € [H],i € [n],p; 5;_; = p;,+-, and we define T; 5;_; := P, 5, 1 UCy_; for any t € [H]. Moreover,
we define the reward functions as 75;_; = ﬁZt_l(EZt_l,EZt_l,ﬁ%_l) = —Ki(Pi(Pyy_i,a2t-1)), and 7o; =
ﬁ2t(§2t,52t,[_)2t) := R¢(5p1,a2¢), for any t € [H]. The new Dec-POMDP D, is not equivalent to Dz in
general, since it enlarges the strategy space at odd timesteps. However, if we define new strategy
spaces in D} as Ei,Zt_l :Copq — X,-,Zt_l,@,% :?i,Zt - Zi,% for each t € [H],i € [n], and thus define
El:ﬁ to be the associated joint strategy space, then solving DZ is equivalent to finding a best-in-class
team-optimal strategy of D, within El:ﬁ, as shown below.

Theorem IV.6. Let Dz be an sQC Dec-POMDP generated from the strict expansion of a QC D,
which is generated from the reformulation of a QC £, and D, be the refinement of Dz as introduced
above. Then, finding an optimal strategy in Dz is equivalent to finding an optimal strategy of D/, in
the space ?1 . and D}, satisfies the following information evolution rules: for each h € (H]:

Ch=Cp1YZy, 2y = Xp(Pj_y,@n-1,05)  foreachie[n], p;; =& n(P;y_1,8in-1,0in)

with some functions {xX} ¢/} {Ei,h}ie[n],he[ﬁ]' Furthermore, D), has SI-CIBs with respect to the strat-
egy space El:ﬁ' i.e., for any h e [H],5; € g,ﬁh € P, Ch € Eh,ghh_l,gizh_l € G-y such that ¢, is reach-
able under both g,.,,_; and g;,,_;, it holds that

’ ,

D Do,
P, S Pplcn gpn-1) = Py G D€ §11)- (IV.4)

IV-D Planning in QC LTC with Finite-Time Complexity

Now we focus on how to solve the Dec-POMDP D, that has SI-CIBs without computationally in-
tractable oracles, building upon our results in [14]. Given a Dec-POMDP D} with SI-CIBs, [14]
proposed to construct an (e, €,)-expected-approximate common information model M (as defined
in through finite memory truncation of the common information, when the joint emission of
D} is y-observable. Here, €, and €, denote the approximation errors for rewards and incremental
common information, respectively, for which we defer a detailed introduction to The effective-
ness of finite-memory truncation of history has also been established for (single-agent) POMDPs in
(28,133, 134} 35).
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However, the Dec-POMDP D, obtained from LTC has two key differences from the general ones
considered in [14]. First, D, does not satisfy the y-observability assumption throughout the whole
H = 2H timesteps. Fortunately, since the emissions at odd steps are still y-observable, while those at
even steps are unimportant as the states remain unchanged from the previous step, similar results of
belief contraction and the near-optimality of finite-memory truncation of common information as in
[14] can still be obtained (i.e., Lemmal|C.15). Second, the rewards at odd steps can now depend on the
private information p,, instead of the state 5. Thanks to the existence of some consistent approximate

common-information-based beliefs {P#’C(Eh,ﬁh IFh)}he[ﬁ] (see Definition|C.8|), which provide the joint
probability of 5, and p,, given the approximate common information ¢; compressed from ¢;, we
can still properly evaluate the rewards at the odd steps in the algorithms of [14]. Hence, we can
leverage the approaches in [14]) to develop a planning algorithm for QC LTC, which approximates
the optimal strategy g -z by finding an 0pt1mal prescription | — under each possible ¢, 77, with

backward induction over the timesteps h = H,---,1. See Algorlthm I for a detailed introduction to
the planning algorithm.

Note that in each step of the backward induction (Line 6 of Algorithm|6), a Team Decision problem
[32] needs to be solved for each ¢y, which is known to be NP-hard in general [32]:

— — — — M —~
(& 1180 ) B 18 )  argmax Q™ (@ ya), (IV.5)
7
where the Q-value function and the prescription y;, are defined in Hence, to obtain overall
computational tractability, we make the following one-step tractability assumption, as in [[14].

Assumption IV.7 (One-step tractability of M). The one-step Team Decision problems induced by
M (i.e., Line @of Algorithm@) can be solved in polynomial timeﬂ for all h=2t,t e [H].

Several remarks are in order regarding this assumption. First, it can be viewed as a minimal
assumption when it comes to computational tractability: even with H = 1 and no LTC, one-step TDP
requires additional structures in order to be solved efficiently. Second, since the Dec-POMDP here
is reformulated from an LTC under Assumption it suffices to only assume one-step tractability
for the control (i.e., even) steps, since at odd steps, the strategies do not use private information, and
the one-step TDP can thus be solved in polynomial time by searching the maximizer given each cj,.
Third, even without Assumption [IV.7, the SI-CIB property of D, and thus the derivation of fixed,
tractable size dynamic programs to solve L efficiently still hold. Wlthout such efforts, intractably
many TDPs may need to be solved, leaving it less hopeful for computational tractability (even under
Assumption [[V.7). Finally, such an assumption is satisfied for several classes of Dec-POMDPs with
information sharing, see for more examples. With this assumption, we can obtain a concrete
quasi-polynomial time complexity guarantee for LTC as follows. Proof of the theorem can be found

in §CH

Theorem IV.8. Given any QC LTC problem £ satisfying Assumptions [[IL.1}, [[TI.4} [I1.5 and [[T1.7}
we can construct a Dec-POMDP problem D, with SI-CIBs such that for any € > 0, finding an
e-team optimal strategy in D) can give us an e-team optimal strategy of £, and the following
hold. Fix €,,€, > 0, and given any (€,,€,)-expected- approximate common information model M
(see Definition |C.6| E ) for D). that satisfies Assumption [IV.7} there exists an algorithm that can com-

pute a (2He, + H €,)-team optimal strategy for the or1g1na1 LTC problem £ with time complexity

IBy polynomial time, we here mean that the time-complexity depends polynomially on the LTC parameters
|S1, |Opl, | Anl, | Mpl, H.
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max () ICpl - poly(|S|, [An, 1Py, H). In particular, for any fixed € > 0, if £ has a baseline sharing pro-
tocol as one of the examples in §A] then Algorithm [I]can find an e-team optimal strategy for £ in
quasi-polynomial time.

As sufficient conditions to ensure the construction of such an M that satisfies Assumption [[V.7}
as part of the definition, some examples in §A] may need additional structural assumptions on the
transition dynamics, emission, and reward/cost functions, while some do not. See and the proof
of Theorem for more detailed discussions.

IV-E LTC with Finite-Time and Sample Complexities

Based on the planning result, we are now ready to solve the learning problem with both time and
sample complexity guarantees. In particular, we can treat the samples from £ as the samples from
D}: the reformulation step ( does not change the system dynamics, but only maps the infor-
mation to different random variables; the expansion step (§IV-B) only requires agents to share more
actions with each other, without changing the input and output of the environment; the refinement
step (§IV-C) only recovers the private information the agents had in the original £. This way, we can
utilize similar algorithmic ideas in [14] to develop a learning algorithm for LTC problems. See
for more details of the provable LTC algorithms adapted from [14]. The algorithm has the following
finite-time and sample complexity guarantees. Proof of the theorem can be found in

Theorem IV.9. Given any QC LTC problem £ satisfying Assumptions|III.1} [[1I.4} [[11.5] and [III.7} we
can construct a Dec-POMDP problem D). with SI-CIBs. Moreover, given any compression functions
of common information, there exists an LTC algorithm (Algorithm |2) learning in D}, such that

if the learned expected-approximate-common-information models in M in the algorithm (Line
in Algorithm [2) satisfy Assumption then an approximate team-optimal strategy for £ can be
learned with high probability, with time and sample complexities polynomial in the parameters of
the models in M. Specifically, if £ has a baseline sharing protocol as one of the examples in §@ then
an e-team optimal strategy for £ can be learned with high probability, with both quasi-polynomial
time and sample complexities.

Again, as sufficient conditions to ensure the learned models in M above to satisfy Assumption
[V.7] some examples in §A|were defined with additional structural assumptions on the transition,
emission, and reward/cost functions, while some were not. See and the proof of Theorem
for more detailed discussions.

V. Solving General QC Dec-POMDPs

In we developed a pipeline for solving a special class of QC Dec-POMDPs generated by LTCs, by
transforming them into those with SI-CIBs. In fact, the pipeline can also be extended to solving gen-
eral QC Dec-POMDPs, which thus advances the results in [14] that can only address Dec-POMDPs
with SI-CIBs, a result of independent interest. Without much confusion given the context, we will
adapt the notation for LTCs to studying general Dec-POMDPs: we set h* = h™ = h and void the addi-
tional sharing protocol, and add ™ for all the notation in D, following that in the Dec-POMDP D,
in We extend the results in to general QC Dec-POMDPs as follows.

Theorem V.1. Consider a Dec-POMDP D under Assumptions [[.1] (e). If D is sQC and satisfies
Assumption [II.2} [[11.5 and [lII.7} then it has SI-CIBs. Meanwhile, if D has SI-CIBs and perfect recall,
then it is sQC (up to null sets).
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Figure 2: (a) Venn diagram of LTCs with different ISs: ® QC LTCs. @ QC LTCs satisfying Assump-
tions [[II.4} [[IL.5] and [[I.7] ® sQC LTCs. @ sQC LTCs satisfying Assumptions [[II.4} [[IT.5 and [[IL.7]
whose reformulated Dec-POMDPs have SI-CIBs (and can thus be solved without computationally
intractable oracles); (b) Venn diagram of general Dec-POMDDPs with different ISs. PR denotes perfect
recall. We construct examples for each area in

Perfect recall [25] here means that the agents will never forget their own past information and
actions (as formally defined in §D|for completeness). Note that Assumption[[I.1](e) is similar to, but
different from, perfect recall: it is implied by the latter with 0; ;, € T; 5. Also, Assumptions
and [[IT.7| were originally made for LTCs, and here we meant to impose them for Dec-POMDPs with
h* = h™ = h. Finally, by sQC up to null sets, we meant that if agent (i1, ;) influences agent (i, h,) in
the intrinsic model of the Dec-POMDP D, then under any strategy g,.57, 0(T;, n,) € 0(T;,1,) except
the null sets generated by g,.7. Given Theorem and the results in we can illustrate the
relationship between LTCs and Dec-POMDPs with different assumptions and ISs in Figure 2} which
may be of independent interest.

By Theorem one may start with a QC Dec-POMDP (with information sharing) D that does
not necessarily have SI-CIBs, and then expand it (as to obtain an sQC Dec-POMDP D’. If D
satisfies Assumptions|II.2}[III.5, and[III.7} then D’ has SI-CIBs and can then be solved with finite-time
and sample complexity guarantees as in [14]. For instance, if D has an information-sharing protocol
as either Example 7 or Example 8 in one can verify that it does not have SI-CIBs. However,
with the above assumptions, an approximate team-optimal strategy of D can still be learned with
quasi-polynomial sample complexity, and without computationally intractable oracles.

VI. Experimental Results

In this section, we validate both the implementability and performance of our LTC algorithms via
numerical experiments, and conduct ablation studies for LTC problems with different communica-
tion costs and horizons.

Environment setup. We conduct our experiments on two popular and modest-scale partially ob-
servable benchmarks, Dectiger [36] and Grid3x3 [37]]. We train the agents in each LTC problem in
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| Horizon/Cost | No Sharing | Cost=0.1 | Cost=0.05 | Cost=0.01 | Fully Sharing
| H=4w/ cost | 1.3240.025 | 1.33+0.044 | 1.44+0.034 | 1.54+0.013 | 1.57+0.004

|

|
| H=4 w/o cost | - | 1.36+0.032 | 1.48+0.034 | 1.59+0.002 | - |
| H=6 w/ cost | 1.95£0.009 | 1.97+0.07 | 2.08+0.068 | 2.26+0.012 | 2.29+0.002 |
| H=6 w/o cost | - | 2.01£0.047 | 2.1420.072 | 2.27+0.011 | - |
| H=8 w/ cost | 2.56+0.041 | 2.64+0.078 | 2.74+0.118 | 2.96+0.021 | 3.0£0.002 |
| H=8 w/o cost | - | 2.740.044 | 2.83+0.117 | 2.98+0.02 | - |
| H=10 w/ cost | 3.31+0.024 | 3.37+0.135 | 3.51£0.153 | 3.69+0.029 | 3.87+0.007 |
| H=10 w/o cost | - | 3.46+0.069 | 3.63+0.152 | 3.71+0.026 | - |

Table 1: Experimental results for Dectiger with different horizon lengths and cost functions.

‘ Horizon/Cost ‘ No Sharing ‘ Cost=0.1 ‘ Cost=0.05 ‘ Cost=0.01 ‘ Fully Sharing
| H=4w/ cost | 0.14+0.003 | 0.14+0.019 | 0.15+0.002 | 0.26+0.028 | -0.48+0.023

|

|
| H=4 w/o cost | - | 0.14+£0.019 | 0.212£0.007 | 0.33+0.023 | - |
| H=6 w/ cost | 0.33+0.02 | 0.32+0.025 | 0.4+0.009 | 0.48+0.059 | -0.38+0.075 |
| H=6 w/o cost | - | 0.3240.025 | 0.54+0.02 | 0.62+0.075 | - |
| H=8 w/ cost | 0.52+0.084 | 0.52+0.051 | 0.58+0.072 | 0.67+0.031 | -0.4+0.022 |
| H=8 w/o cost | - | 0.52+0.051 | 0.72+0.035 | 0.82+0.074 | - |
| H=10 w/ cost | 0.73+0.02 | 0.73+£0.037 | 0.9+0.169 | 1.03+0.019 | -0.15+0.188 |
| H=10 w/o cost | - | 0.73+0.037 | 1.08+0.14 | 1.25+0.062 | - |

Table 2: Experimental results for Grid3x3 with different horizon lengths and cost functions.

the two environments with 20 different random seeds and different communication cost functions,
and execute them in problems with horizons {4, 6, 8,10}. To fit the LTC setting considered in our pa-
per, we regularize the rewards between [0,1], and set the baseline sharing protocol as the one-step
delayed information sharing [[16, [14]. As for the communication costs, we set Kj(z}) = a - |zj|, and
set « € {0.01,0.05,0.1} for ablation studies. Also, we consider 2 baseline cases under the same envi-
ronment with the information structure of one-step delayed information sharing and fully sharing,
respectively. The former can be viewed as an LTC problem with extremely high communication cost,
thus no additional sharing; the latter corresponds to an LTC problem with no communication cost.

Results and analysis. The results of different horizons and communication costs over 20 random
seeds are shown in Table [l|and Table 2| Additionally, the attained values are presented in Figure
and the learning curves are shown in Figure [4, The results show that communication is beneficial
for agents to obtain higher values with better sample efficiency. Also, lower communication costs
can encourage agents to share more information, and thereby achieve a better joint strategy in terms
of the values attained by the team.
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Figure 3: The time-average values achieved under different communication costs and horizons. For
each bar, the dark portion and the light portion correspond to the values associated with the com-
munication cost and the overall objective (reward minus cost) of the agents, respectively; the full bar
corresponds to the values associated with the reward.
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Figure 4: Learning curves, i.e., the values associated with the overall objective (reward minus cost)
achieved during learning, under different communication costs.

VII. Concluding Remarks

We formalized the learning-to-communicate problem under the Dec-POMDP framework, and pro-
posed a few structural assumptions for LTCs with quasi-classical information structures, under
which LTCs preserve the QC IS after information sharing, whereas violating which can cause compu-
tational hardness in general. We then developed provable planning and learning algorithms for QC
LTCs. Along the way, we also established a relationship between the strictly quasi-classical informa-
tion structure and the condition of having strategy-independent common-information-based beliefs,
as well as solving general Dec-POMDPs without computationally intractable oracles, beyond those
with SI-CIBs. Our work has opened up many future directions, including the formulation, together
with the development of provable planning and learning algorithms, of LTC in non-cooperative
(game-theoretic) settings, and the relaxation of (some of) the structural assumptions when it comes
to equilibrium computation.
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Appendices

A. Examples of QC LTC Problems

In this section, we introduce 8 examples of QC LTC problems, with 4 of them being extended from
the information structures of the baseline sharing protocols considered in the literature [16)} [14]. It
can be shown that LTC with any of these 8 examples as baseline sharing is QC.

Example 1: One-step delayed information sharing. At timestep h € [H], agents will share all
the action-observation history in the private information until timestep h — 1. Namely, for any
he[H] i€ [n],cp- = cory Ulop-r,ap-1} and p; - = {0; }-

Example 2: State controlled by one controller with asymmetric delayed information shar-
ing. The state transition dynamics are controlled by only one agent (without loss of gen-
erality, agent 1), i.e., Yh € [H], Ty(-|sp, a1, a-1) = Th('|5h:ﬂ1,h:a/_1,h) for all s, € S,ay, €
Ajpa_q a/—l,h € A_y ;. Agent 1 will share all of her information immediately, while others
will share their information with a delay of d > 1 timestepsEI in the baseline sharing. Namely,
forany he [H],i# 1, cj- = 1y U a1 h-1,01,1 0—1 h-a}, P1,i- = 0, pi - = (Pi,(h—1)+ Y {0i n})\{0i h—a}-

Example 3: Information sharing with one-directional-one-step-delay. For convenience, we
assume there are 2 agents, and this example can be readily generalized to the multi-agent
case. In this case, agent 1 will share the information immediately, while agent 2 will share
information with one-step delay. Namely, c;- = {01,1},p1,1- =0,p21- ={03,1}; forany h > 2,¢;- =
C(h-1yr {01, 00 n-1,an-1}, prw- = 0, p2n- = {o2,n}-

Example 4: Uncontrolled state process. The state transition dynamics do not depend on
the actions of agents, i.e., Yh € [H], Ty(-|sp, ap) = Tp(-|sp,a;) for any s, € S,ap,a;, € Ay All
agents will share their information with a delay of d > 1 timesteps. For any h € [H],i € [n],
cn- = -1y Y{on-al pin- = (pi(n-1)- Y {oin)\oi n-al-

Example 5: One-step delayed observation sharing. At timestep h € [H], each agent has access
to the observations of all agents until timestep  — 1 and her present observation. Namely, for
any h e [H],i €[n],cj- = c—1y» U{op_1} and p; - = {0; p,}-

Example 6: One-step delayed observation and two-step delayed control sharing. At
timestep h € [H], each agent will share the observation history until timestep # — 1 and ac-
tion history until timestep h — 2 from the private information. Namely, for any h € [H],i €

(1], cp- = ¢y Ylon—1,an—2}, pin- =10 n, @in-1}-

Example 7: State controlled by one controller with asymmetric delayed observation shar-
ing. The state transition dynamics are controlled by only one agent (i.e., the same as Ex-
ample 2). Agent 1 will share all of her observations immediately, while others will share
their observations with a delay of d > 1 timesteps. Namely, for any h € [H],i = 1,¢)- =

-1y Y01, 0-thab Pri- = 0, pin- = (pi(n-1)* Y{0in)\0i n-a}-

2Throughout this paper, we view the delay d as a constant, although our final bounds in §IV-D|and §IV-Ealso apply for
d = polylog H. See the proofs in §C|for more discussions.
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* Example 8: State controlled by one controller with asymmetric delayed observation and
two-step delayed action sharing. The state transition dynamics are controlled by only one
agent (i.e., the same as Example 2). At timestep h € [H], agent 1 will share all of her ob-
servations immediately and her action history until timestep h — 2, while others will share
their observations with a delay of d > 1 timesteps. Namely, for any h € [H],i # 1,¢;- =

C(h-1)* Y101 h @1, h-2,0_1 h—ab, P1,i- ={a1,n-1}b Pi- = (Pi, =1y Y {0i ) \0i h—a}-

 For computational considerations (i.e., when it comes to §IV)), we may need additional condi-
tions as part of the examples’ definitions:

- Examples 2, 4, 7, 8: for any h € [H], the reward function R; has an additive form, i.e.,
Ru(snan) = X1y Rin(sn aip)-
— Examples 1, 5, 6: either one of the following conditions holds:

1. For any h € [H], the state s, can be controlled by one agent ct(h), ie., T} :
S x Acyny — A(S). Furthermore, the reward function has an additive form, i.e.,
Ru(snan) = Y71 Rin(sp a;p), and the increment of the common information satisfies
ZZ+1 = Xh+1(ph+ract(h),hr Ohs+1);

2. For any h € [H], the state s; can be partitioned into n local states as s, =
(S1,hS2,hs "+ »Sn,p), and the transition kernel and observation emission have the factor-
ized forms of Ty (sni1Isw an) = [Ti=; Tin(sinet |50 @in), Onlonlsn) = TTiZ; Oinloinlsin)-
Furthermore, the communication cost and reward functions are assumed to be de-
coupled as Kp(zy) = Y10y Kin(27),), Ru(sn,an) = XiZy Rin(sin ain);

3. This condition is only applicable to Examples 1 and 5. For any h € [H], the
emission O, satisfies that: Vi < j < n,0;, € Ojj,d0;, € O;) such that Vs, €
8,041,105, 1,0j 1 Isn) = Oj (0,1 |sn), where Qy; jy j, is the marginalized distribution of
Oy, with respect to agents i and ;.

- Example 3: we do not need any additional condition.

Remark A.1. The additional conditions (for computational considerations) on T}, Oy, Kp, Ry, are suf-
ficient conditions to ensure the one-step tractability of the backward induction when solving the
LTC problem (see Assumption[[V.7). Note that the (s)QC information structures of these examples
are unchanged even without these additional structural conditions. See the proofs in §C|for more
details.

In fact, the first 4 examples are all sQC LTC problems, while the other 4 examples are QC but
may not be sQC problems, as shown in the following lemma.

Lemma A.2. Given an LTC problem L. If the baseline sharing of £ is one of the first 4 examples
above, then £ is sQC. If the baseline sharing of £ is one of the last 4 examples above, then £ is QC
but may not be sQC.

Proof. Let D, denote the Dec-POMDP induced by £ (see Definition |[1.4). We prove this lemma case
by case. For convenience, we use ” for the notation of the variables/quantities in D.

* Example 1: The information in D, evolves as Yh € [H,i € [n],¢, = {J1.4—1,d1.-1) and p; ), =
{0;n}. Then, for any iy,i; € [n],hy,hy € [H],hy <hy, T 5, = {0101, 41:0,-1,0i 1y } S Eyer S Cpy C
Ti) iy and d;, p, C ¢ 41 € Ep, C T, - Therefore, we have o(7; 4,) € 0(7;, 4,), and thus £ is sQC.
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* Example 2: The information in D, evolves as Yh € [H]i = 1,& =
{d1,1:n-1,01,1:n-1,0-1,1:h-a}, P1,h = 0, Pip = {0 n-a+1:n}- Then, for any iy, i € [n], hy, hy € [H], by < hy.
If iy # 1, then agent (i;,h;) will not influence agent (ip, h;). If i7 = 1, then
Tihy, = (01,10 41,1:0,-1,0-1,1:h-d} € Cnv1 € Cny, € Tiyny and di p, S Chy1 € S, S Tippye
Therefore, we have o(7; 5 ) C 0(7;,,) if agent (ij,h;) influences agent (i, h,), and thus £ is
sQC.

* Example 3: The information in 55 evolves as Vh € [H], ¢, = {01.-1,41.4-1,01,5) and Py =
®,pv2’h = {5i,h}‘ Then, for any i1,ip € [Tl],hl,hz € [H], hl < hz, dilfhl - 5h1+l - 5;12 - i—iz,hz' If ip=1
then ’fl‘llhl = {61:h1—1’d1:h1—1’61,h1} g 5h1+1 g 5;’12 g %iz,hz' If 11 = 2’ then %il’hl = {Ovlihl’avllhl—l}

Cn,+1 € €, € Ty n,- Therefore, we have o(7;, ,) € 0(T;, 5,), and thus £ is sQC.

~

N

* Example 4: Since in D, for any iy,i, € [n],hy,h, € [H], agent (i1, h;) does not influence agent
(i, h5,), then L is sQC.

* Example 5: The information in D evolves as Vh € [H],i € [n],&, = {J1,_1} and p;; = {0;4)-
Then, for any iy,i; € [n],hy,hy € [H], hy < hy, T p, = {01.0,-1,0i n,} S €1 € C, S Tiy p,- Hence,
L is QC. However, for any iy, i, € [n],hy < h, < H, agent (i}, h) may influence agent (i, h;) but
o(dj n,) € o(t,n,). Hence, £ may not be sQC.

« Example 6: The information in D, evolves as Yh € [H,i € [n],¢&, = {J1.-1,d1.—2) and p;j, =
{0i 1 din-1}. Then, for any iy,1; € [n],hy, hy € [H], hy <hy, T, 5, = {010, -1, 4120, -2, Oiy ny» iy oy -1} €
Cny+1 € Chy € Tiyhy, and dj p, C €1 € 6, C T, p,- Hence, £ is QC. However, for any i; # i) €
[n],hy € [H-1], agent (i1, h;) may influence agent (i, by + 1) but 6 (d;, 5,) € (%, 4,+1)- Hence, £
may not be sQC.

» Example 7: The information in D, evolves as Yh € [H],i = 1,¢, = {011:1-1,0-11:h-d ), P1h =
0,Pin =1{0in-a+1:n}. Then, for any iy, i, € [n],hy,hy € [H],hy < hy. If iy # 1, then agent (i}, Iy
will not influence agent (i, hy). If iy =1, then 7 j, = {01,1.1,,0-1,1:n,-a} S Ch,41 € €, € Ti -
Therefore, we have o(%;, 1,,) C 0(7;,1,) if agent (i1, hy) influences agent (i, hy). Hence, £ is QC.
However, for any i; € [n],h; < hy < H, agent (1,h;) may influence agent (i, h,) but o(dy ) ¢

o(7;, »,)- Hence, £ may not be sQC.

* Example 8: The information in D, evolves as Yh e [H|i = 1,& =
{01, 1:-1,41,1:0-2,0-1,1:n-ab, Prn = {dun1b Pin = {0in-as1n}. Then, for any iy,iy € [n],hy,hy €
[H],hy < hy. If iy # 1, then agent (iy,h;) will not influence agent (i, hp). If 4 = 1, then
Tishy = 01,120, 41,0, -1, 0—1,1:0,-d )} € €41 € Ch, € Ty p,- Therefore, we have o(7; ;) C o(T;, p,) if
agent (iy,hy) influences agent (ip, h,). Hence, £ is QC. However, for any iy = 1,h; € [H — 1],
agent (1,h;) may influence agent (ij,h; + 1) but o(dy 1) ¢ o(%i, n+1)- Hence, £ may not be
sQC.

This completes the proof. O]

B. Deferred Details of §III

B-A Supporting Lemmas

We start by proving several supporting lemmas that will be used in the later proofs in this section.
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Lemma B.1. Given any QC LTC £, its induced Dec-POMDP D, and any iy,i, € [n],hy,h, € [H]. If
agent (iy,hy) influences agent (i, h,) in the intrinsic model of D/, then for the random variables
Ty by Tip,h; in £, we have O’(Til,hz) C o(1;,n;). Moreover, if £ is sQC, then for random variables
iy hy» Tiyh; 10 L, we have o(a;, p,) € 0 (T, 1;)-

Proof. We denote by 7; 1,7, n, the information of agent (i1, h;), (i, hy) in the problem D,. From the
definition of D, being QC, if agent (i1, h;) influences agent (i, h,), then o(%; p,) € o(%;, p,). Since
for any h € [H],i € [n],7;; is the information of agent (i,h) without additional sharing, then we
know that 7; - \7; , C U?:‘ll 2, Tipe\Tip C U?:lz?. Therefore, we know that o(7; 4. \7i n,) € a(U?;ll zf) C
o(cp;) € o(cy;) € o(Ti, ;). Also, we know o(7;, p,) € 0o(T),,) C O’(Tiz’hg). Thus, we can conclude that
o (T, ny) € 0(T,,1;). Moreover, if £ is sQC, then from the the definition of D, being sQC and agent
(i1,hy) influences agent (i, hy) in D, it holds that o(a;, 5,) € 0(T), 1,) € 0(Ti, 1;)- O

Lemma B.2. Let £ be an QC LTC problem satisfying Assumptions [I11.5| and [II1I.7, and D, be the
reformulated Dec-POMDP. Then, for any iy,i; € [n],t1,t, € [H], if agent (i1,2¢;) influences agent
(i2,2t;) in Dy, then o(1; 4;) € 0(7;,,1;) in L. Moreover, if £ is sQC, then o(a; 1) € 0(7;, 15 ).

Proof. We prove this case by case as follows:

1) If a; ; influences the underlying state s; ,;, then from Assumption agent (iy,t;) influences
0_j, t,+1, SO there must exist i3 # i;, such that agent (i, t;) influences 0;, ; . From part (e) of Assump-
tion and t; < t, (since otherwise agent (i1, 2t) cannot influence agent (i, 2t,) in D), we know
Oyt 41 € Ty (t,+1)- € Tiyr; €ven under no additional sharing, and then we get agent (i1, ;) influences
agent (i3, t,) in D, (the Dec-POMDP induced by £). From Lemma it holds that o(7; +;) C o (1;, ;)-
From Assumption and i3 # iy, we know o(t; +-) C 0(cy;) € 0(T;,,15). If £ is sQC, by Lemma
we have o(a;, ;) € 0(7;, ;) , and then o(a; 1) C o(c;) C o(T;, 1;) from Assumptionm

2)If a; ; does not influence s; ., then from Assumption forany t>ty,a; ;, €7 anda; ; €14,
and then agent (i1, 2t;) does not influence s3; 1 and 0y, 11 in D. Thus @; 5, = a; ,, does not influ-
ence T; 5 11, Vi € [1], and then it does not influence 4; 5 .1, Vi € [1n]. And hence, it does not influence
Tiot,+2 and @; p; 4, Vi € [n], either. By recursion, we know agent (i1, 2t;) does not influence agent
(ip,2t,), which leads to a contradiction to the premise of the lemma. This completes the proof. [

B-B Proof of Lemma|IIl.2

Proof. We first have the following proposition on the hardness of solving POMDPs.

Proposition B.3. For any € € [0, i), such that computing an e-additive optimal strategy in POMDPs
with rewards bounded in [0,1/2] is PSPACE-hard.

Proof of Proposition[B.3} In the proof of [21, Theorem 4.11], given any e € [0,1), it constructed
POMDPs from the problems of Stochastic Satisfiability (SSAT) of the Quantified Boolean Formu-
lae. The constructed instances in [21]] satisfy that the reward values lie in {0,2}, and it was then
proved that finding an e-relative approximately optimal solution in such POMDDPs is PSPACE-hard.
Also, one can verify that finding an e-additive approximately optimal solution in such POMDPs is
PSPACE-hard.

Then, for any € € [0, %), let €; = 4e € [0,1), and leverage the construction in [21, Theorem 4.11]
with e, but scaling the the reward values by i such that rewards are bounded in [0, %] Then, finding
an e-additive approximately optimal solution in such POMDPs (after scaling) is PSPACE-hard. [
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Now we proceed with the proof of Lemmal(lII.2]based on Proposition[B.3] Given any POMDP P =
(SP, A7,0P, {@Z}he[HT’]; {Tf}he[HP], {Rf}he[HP], ;471)) with rewards bounded in [0, 1/2], we can construct
an LTC £ with any a € (0,1) as follows:

Number of agents: n = 3; length of episode: H = H”.

Underlying state space: S = S” x[2]. For any s € S, we can split s = (s!,s?), where s' € S7,s% €
[2]. Initial state distribution: Vs € S,y (s) = y?(sl)/l

Control action space: For any h € [H], Ay, = A, Ay, = (2], A3, = {0).
Transition: For any h € [H],sp,,sp41 €S, ay, € Ay, Th(sper |snap) = T;’)(S%Hl IS;II,au,)]l[si+1 =appl
Observation space: For any h e [H], O, ), = OZID, Oy, =053, =8.

Emission: For any h € [H], 05, € Oy, s, € S, Oy (0, |sp,) = (O)P(ol h|5h) 1(02,151)0; (031 |5,), where
0y, is defined as
a+ 1-a ifo=s

S| "

l-«a

|S]

YoeS,spe€S, O (olsy) =

Baseline sharing: null.

Communication action space: For any h € [H|, My}, = My = {0,1}2h_1,M3,h = {0,1}". For
any i € [2],pin- € Pip->din(pin->mipn) = {0k |[Vk < h, the (2k — 1)-th digit of m; ;is 1 and 0; ; €
pin-yUlaix|Vk < h—1, the 2k-th digit of m; j, is 1 and a; x € p; -} U {m; ;,}. For agent 3, p3 ;- €
Psy-» G3n(p3n-»msy) ={03x|Vk < h, the k-th digit of m3 j is 1 and 03 € p3 -} U {m3}.

Reward function: For any h € [H], Vs, € S,a;, € Ay, Ri(sp, ap) = Rf(s}l,,al,h)/H.

Communication cost function: For any h € [H], Vz; € Z;,Ky(z;) = 1]z}, # {my}]. It means that
the communication cost is 1 unless there is no additional sharing.

We restrict the communication strategy to only use ¢, as input. And for any t € [H — 1], we
remove as; in 7,-, 7+ for all h > t.

We first verify that such a construction satisfies Assumptions [[1I.1}, [III.4} [[I1.5 and [II.7} but is not

QC.

L is not QC, since for agent (2,1) influences state s% and then influences the information of
agent (3,2), but agent (3, 2) does not know the information of agent (2,1).

L satisfies Assumptions [[ILI}, [[IL.7] because both agent 2 and agent 3 have individual -
observability with y = a. That is, for any by, b, € A(S),i = 2,3, we have

107, (by = b2)llx = Z |Z = b2 (sn))Oj (01,01 sl

0 hEO}, Sh €S

D 1) (bi(s)=balsa)( B|+aﬂﬁh—%b

Oin €O, s,eS

Y albi(0s4) = ba(oi)l = allby = bl

0in GOh
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* [ satisfies Assumption [III.4] because we restrict that the communication strategy can only use
¢y as input.

* L satisfies Assumption [[II.5[since the control actions as; (for all t € [H —1]) do not influence
the underlying state, and we remove a3 ; from 7, for any h > t.

* Lis not QC, since for any h € [H — 1], agent (2, h) influences the state s;,,; and then influences
03,+1 and 73,,1. However, agent (3,h + 1) does not know the information of agent (2,4), i.e.,

o (To,n) ,@ o (T3 41)-

In this LTC problem £, let (g{7;,81.1;) be any e-team optimal strategy, with e € [0,1/4). If any
agent shares any information through additional sharing, i.e., 3h € [H], P(z} = {m},}|g1/1;, &1.1) > 0, we
then choose the & to be the minimal one, i.e., h = min{h’ € [H]|P(z}, # {m}} |81 &1117) > 0} being the
first time the additional sharing occurs. This means that at this timestep A, there is no observation
or action in ¢j- (almost surely), since baseline sharing is null. Then, there exists an agent i € [2] such
that P(zf,, # {m; 1} 811 81017) > 0-

From the construction of £, we know that agent i chooses m;; based on c;-. It means it will
always share, i.e., P(z{, = {m; ;}|18]'1;,81.1y) = 1. Therefore, P(ic;, = 1|81, 81'1) = 1, and J (81771 81:17) =
E[YiL) e~ el 0 81) < BIXiL) 7418050 81] — Elenl g1 1] < H- 57 =1 < —5. Note that the
rewards in P is bounded by [0, 5], and the rewards in £ is bounded by [0, 55 ]. Hence, (17, §157) is
not an e-team optimal for any € € [0,1/4).

Therefore, any e-team optimal strategy yields no additional sharing. Then, any (g};,¢,'/;) being
an f-team optimal strategy of £ will directly give an e-optimal strategy of P as {gf:;}he[H], since
when there is no sharing, the decision process is only controlled by agent 1. From Proposition
we complete the proof. O]

B-C Proof of Lemma|[IIl.3

Proof. We prove this result by showing a reduction from the Team Decision problem [32].

Definition B.4 (Team decision problem (TDP)). Given finite sets Y1, Y,, U;, U,, a rational probability
mass function p : Y7 x Y, — Q, and an integer cost function c: Y; x Y, x U; x U, — N, find decision
rules y; : Y; = U;,i = 1,2 that minimize the expected cost

Jouy)= ) 1327131, 7202)pF1,92): (B.1)
1€Y1p€Ys

We show the NP-hardness of solving LTC from the problem of TDP, even with |U;| = |U,| = 2
[32]. Given any TDP 7D = (Y;,Y,, Uy, Uy, G, p,]) with |U;| = |U,| = 2, let Uy = (1,2}, U, = {1,2}, then
we can construct an H = 3 and 2-agent LTC £ with two parameters a; € R, a; € (0,1) (to be specified
later) such that:

* Number of agents: n = 2.

* Underlying state: S = [2]*. For each s; € S, we can split s; into 4 parts as s, = (s%,sf,sf), where

si,52,53,st € [2]. Similarly, 55,53 € S can be split in the same way.

* Initial state distribution: Vs; € S, p1(s1) = 11—6.

* Control action space: For the first 2 timesteps, Vi = 1,2, 4;; = A;, = {0}; for h = 3, 4,5 =
[2], As5 = {0}



* Transition: Vs € S,a; € Ay,a, € Ay,az € A3, Ti(s|s,a1) = Ty(s|s,a,) = T3(s|s,a3) = 1. Note that
under the transition dynamics above, s; = s, = s3 always holds, for any s; € S.

* Observation space: 011 =0y 1 =01, =0,, =[2]xS5,0, 3 = Y xS,0y3 = Y,xS. Hence, for each
ie[2],he(2],0;, €0, we can split 0;  into 2 parts as 0, , = (Oilh' oih), where 01.1,}1 €[2], Oiz,h €s.
For each i € [n],0;3 € O;3, we can similarly split 0; 3 into 2 parts as 0;3 = (01.1’3,01.2,3), where
0}3 € Yi,oiz’3 eS.

* Baseline sharing: null.

* Communication action space: For i € [2],h € {1,2}, M;}, = {0,1}h,Mi,3 =1{1,2}; ¢;p is de-
fined as: Yh € (1,2}, ¢; (pin->mip) = {0k |Vk < h,the k-th digit of m; ; is 1 and 0; ; € p;;-}. For
h =3, My = {1,2}, and if m;3 =1, then ¢i,3(pi,3f,mi,3) = {Oi’l,Oi’3,mi}3}; if mi3 =2, then
$i3(pi3-mi3) ={0i,2,0i3,mi3}.

* Emission: For any i € [2],h € [2],5;, € S,0;, € O; 1, Op (0 |sp) = H,'zzl@i,h(oi,ﬂsh) and O; j,(0; 1sn)
is defined as:

1-a 1 _ i+2h-2 2
6 Oin = Sp 0 % Sh
_J1-a 1 i+2h-2 2
(O)i,h(oi,h sn) = 162 +aj Oin= 5;:— 10ip =5h-
0 0.W.

Forie[2],h=3,s3€S,03 € 03,05(03]s3) = ﬁ(o%’s,oé’3)ﬂf:1®f’3(of’3 |s3), where

1—052

2 (2 _ )16
07 3(051s3) = 1-a, 2 _
16 +ay Oi’3—53

2
0i,3 * S3

The reward functions are defined as:

Rl(sl,al) :R2(52,a2) =0, V51,52 GS,ﬂl EAI,QZ EAQ;

1 if(ays= s§ orayz= sg) and (ap3 = s% or a3 = sg)
Rs(s3,a3) = ;
0 ow.

The communication cost functions are defined as:

Vhell, 2,4}z, € Z, Ku(zp) = 1if zj, # {my j, my ), else 0;

'c'(o},3,oi3, L 1)/a; if {01,051} €25 and {015,005} N25=0
E(ois,oz »2,1)/ay if {015,051} €25 and {01,1,00,}N2Z5 =0

K5(25) = E(o}ﬁ,o%ﬁ, 1,2)/a; if {011,055} C 2§ and {01,0,1}NZ5=0,
(0] 3,053,2,2)/a1  if {015,025} €25 and {011,051} N 25 =0
0 0.W.

where we let ag = maxy, ,, 4, u, C(¥1,¥2, U1, U2), and set ay = 2ay. I\~Iote that withmit loss of optimality,
we suppose a1 > 0, since if @1 = 0, then c(y1,v,, 1y, uy) =0,Yy, € Y1,9, € Yy, u; € Uy, uy € Uy, which is
a trivial instance that cannot be the one that leads to the hardness in [32]]. Hence, 0 < x3 = K5(25) < %
for any z§ € Z% always holds. Also, we remove 4, in 7,- and 7y,: for any t € [2],i € [2],h > t. Under
such a construction, £ satisfies the following conditions:
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* Problem £ is QC: For all iy,i, € [2],hy,h, € [4] with i # iy, agent (i1,h;) does not influence
(ip,hy) because agent (i1, h1) cannot influence the observations of agent (i, h;), and the base-
line sharing is null. For the same agent with i; = i,, the information-inclusion assumption in
Assumption [[I.1](e) ensures that £ is QC.

* Problem £ satisfies Assumptions [III.1{ and [III.7t We prove this by showing that each agent
i € [2] satisfies y-observability. For any i € [2],h € [2],b1,b; € A(S), let

T, 01~ balh = ) X\X a5 Oil(0L, 02 )5

o},€[2]0},€S sKES

ih

Z‘ Z Z = ba(sn)0i (0}, 07 1) | n)

07,€S o} ,€[2]5hES

1-ap
Y Y - batsilol, = e + aztlod, = 51|
0},€8 s1€S 0] €[2]

Zazlh( 1) = 02(07 )| = aallby = byl

2
0;,€S

\%

For any i € [2],h = 3, the proof is similar, where we replace ol.lh € [2] with oilh €Y, for h = 3.

* Problem £ satisfies Assumption [III.5] because the joint control action histories a;.4 do not
influence the underlying states, and we restrict the communication and control strategies to
not use them as input.

We will show below that computing a team-optimal strategy of £ can give us a team-optimal strategy
of TD.
Given (g1, 413 ) being a team optimal strategy of £, firstly, it will have no additional sharing at
m,*

timesteps h = 1,2 under (g1 3,g1 3) namely, for h = 1,2,P(zh ={my y, myy} |g1:3,g1:3) = 1. If not, then
for any i € [2], consider gl . ,gZ 5 gl » defined as

1 .
, , , 05 . if 03_;1 € T; 3+
, , , -i,1 3-i,1 7,3
V1T Tisn 8 (Tia-) = (0), g5 (1i2) =(0,0), g =4 37 ,
03_;, OW.

and replace the g1'5 1,815 5, 8% 3 by &1%5,1/81%5,2:81%2,3 in 873,815 to get (g173,8]%3). It is easy to ver-
ify that J£(g75, 813) < ]L(gf’;,g{'g), since gf:’;,gﬁz’; can guarantee r3 = 1 always holds; if there is no
additional sharing under g{’;, glfé, at first two timesteps, these two strategies has the same commu-
nication cost, otherwise (g1:3,g1:’3/) has 22:1 Kp = K3 < % but (g7, 415 ) has Zh | Kn > 1. This leads to
the contradiction that (g3, g% ) is a team-optimal strategy.

Also, if we replace the gfz 5 by gf; 5, the communication cost does not change and the reward
can achieve optimal, i.e., r3 = 1 always holds. Thus, without loss of generality, we can assume that
813 =81 5.3, since otherwise we can do the replacement and it is still a team-optimal strategy.

1 Thelieforf’ Ic(813:815) = [Zh:1 7’#1*_ Knlglis 815 ] mi 1 - E[xslg13, 815 :M 1m:
2 Elcloy 5,05 5,m1 3,my3)], where my 3 = g5 ({115-}),mp3 = & 5({72,3-}), which means (g;73,£.5)
can minimize k3 through choosing mj3 properly, if there is no additional sharing at first two
timesteps, i.e., 7;3- = {0;1,0i2,0;3,m.5}. By construction, k3 only depends on 03 and m3 and is
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irrelevant of {01,1,01,2,053}, and m;; = (0),m;, = (0,0),Yi € [2] always hold. Hence, {01,1,01,2,0%,3}
are useless information for agent 1 to choose m; 3 and minimize E[k3;]. Therefore, not using
them in g{t’ ; does not lose any optimality. Hence, we can consider the g{'l " that only has 0%’3
as input. In the same way, we can consider the géﬂ 4 that only has o) as input. Therefore,
I 11
Je(815,815) = 1 - 20]3013 a1701 3,02 381, 3(01 3) g23(023))p(01’3,02’3). Further, we can leverage
Y= gi"j;, Yy = g2’3 to minimize the expected cost ] of the TDP. Therefore, from the NP-hardness of
TDPs [32, Corollary 4.1], we complete our proof. O

B-D Proof of Lemma-

Proof of Lemmal[II.6] We prove this result by showing a reduction from the Team Decision problem.
Given any TDP 7D = (Y1, Y5, Uy, U2,C,p, T) with |Uy| = |U,| = 2, let Uy = {1,2), U, = {1, 2}, then we can
construct an H = 3 and 2-agent LTC £ as follows:

* Underlying state: S = [2]. For each s; € S, we can split s; into 2 parts as s; = (si,sl) where

s1,57 € [2]. Similarly, s,s3 € S can be split in the same way.

* Initial state distribution: Vs; € S, py(s1) = i.

* Control action space: For any i € [2[,h =1, A;; ={0}; for h =2, A; , ={(0,x),(x,0)|x € [2]}; We

can write a; , = (“1‘1,2’ “%,2) 112, €{0,1,2};forh=3,A; 5 =(2]

» Transition: Vs € S,a; € Aj,a; € Ay,a3 € A3, T(s]s,a;1) = Tr(s|s,a,) = Ts(s|s,a3) = 1. Note that
under the transition dynamics above, s; = s, = s3 = s4 always holds, for any s; € S.

* Observation space: 011 =0, =[2]xS,0;, = Y] x §5,0;,= Y, x S§,031 =05, =S. For each

i €[2],0;1 € O;1, we can split 0;; into 2 parts as 0;1 = (01-11,01.21), where 01-11 € [2], 01-21 € S.
For each i € [2],0;, € O, ,, similarly, we can split o, , into 2 parts as 0;, = (01-12, 01.22), where

1 =V o2
0;,€Y,0/,€S.
* The baseline sharing is null.

* Communication action space: For i € [2],h € {1,2}, M;}, = {0,1}*""1 and ¢ip is defined
as ¢;n(pin--min) = {oix € pin-|Yk < h,the (2k — 1)-th digit of m; , is 1} U {a;x € p;p-|Vk <
h —1,the 2k-th digit of m; j is 1} U {m; j}; For h = 3, M; 3 = {1,2},Vp;3- € P;3-, ¢is(pisz-,1) =
{0i,2,ai2,m;3} and §; 3(pi 3-,2) = {0i2,4i2,0i 3, M3}

* Emission: For h = 1,Vsy € S,0;1 € O;1,01(01|51) = Hle@j’l(ojyl |sy) and Vi € [2],0;1(0;1]s1) is

defined as:
1-a
42 Olh_5;1+2h 210h¢5h
—J1-a 1 2h-2
Oin(oinlsn) =452 +ay o}, =s""207, =55
0 0.W.

for h = 2,Vsy € §,0, € 0,,05(0,|53) = (01 2,022)1_12 @2 ]2|52) and Vi € [2],0 (01 s1s0) is
defined as:

2
01»,2 *S)

2 2 1-
07,(05182) = 2 +ay 07,=57;

0 0.W.



for h=3,Ys3€S,0;3 €0, 3,05(03]s3) = szl@j’3(0j,3 |s3), and Vi € [2],0; 3(0; 3|53) is defined as:

j

1—0[2
1 01"3 * S3

1_
0i3(0i383) =32 +ay 0;3=s3.

0 0.W.

e Reward functions:

Rl(sl,al) = Rz(Sz,ﬂz) =0, V51,52 € S,al € .141,612 S ./42;
1 ifa;s= sg and a, 3 = sé

0 o.w.

R3(s3,a3) = {

¢« Communication cost functions:

Vhe[2],z; € 2, Ky(z) =1 if z # {my,}, else 0;
Eiob, 0%’2, L1)/ay ifaypa;,€ zg,aiz =0, ”5,2 =0
E(ob, 05’2, 2,1)/ay ifaypap, e z§,ai2 =0, ”%,2 =0
K5(25) = E(o}’z, 0%’2, 1,2)/ay ifayp,ap;c€ zg,a%’z =0, ”%,2 =0.
)

11 . 2 2
€(01,055,2,2)/ay ifayp,ays€25,a1,=0,a5,=0

0 0.W.

Let ag = maxy, y, 4, u, C(¥1,¥2, U1, U2), which is supposed to be positive without loss of (E)timality
(see a discussion in ~) We set a; = 2a, and hence for any zj = {my,013,023,a13,42,3}, K4(z}) < %
always holds. Also, we restrict agents to decide their communication strategies only based on their
common information. Under such a construction, £ satisfies the following conditions:

* Problem £ is QC: For any iy, 1, € [2],hy, h, € [3], agent (i, hy) does not influence (i, ;) because
agent (iy, h;) cannot influence the observation of agent (i, /1;), and the baseline sharing is null.

* Problem [ satisfies Assumptions [III.1{ and |[[II.7f We prove this by showing that each agent
i € [2] satisfies y-observability. For any i € [2],h =1,b,b, € A(S), we have

107,61 -b2)l = Y Z]Z ~ba(6)0 (002 1)

0},€[2]07,€S sKES

a5 )0yalloly 07ls)
)3 Z )

07,€S o} ,€[2]5nES

Y Z Y (bulsn) = balsilol, =5 252 v artfod, = 51)

0},€S Si€S 0] €[2]

- Z 1:Laz(z,(bl(sh)—bz(sh)))‘*az(bl(oiz,h)_bZ(Oiz'h))'

\%

0},€S spES
—Z“z”’l ,h 172( )|_a2||b1 bl
Z’heS
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For any i € [2],h = 2,3, the proof is similar, by replacing Oil,h € [2] with O}Ih €Y, for h =2 and
replacing the space 01.1’,1 € [2] with {0} for h = 3.

* Problem £ satisfies Assumption [lII.4]since we restrict agents to decide their communication
actions only based on the common information.

Now, we show that any team-optimal strategy of £ will give us the decision rules y;, ), to solve
7D.
Given (g1, 415 ) being a team optimal strategy of £, we can construct (g{’3, 413 ) as

Vie[2LVTi1-, Tio T 8y (Ti1-) = (0), &5 (Ti2-) = (0,0,0), 875 (Tj,3-) = 1
(0,0;1) if the first term of [gfl’2/+(ri 2+)]is 1

Vie [2],VTi’2+,gf'2(Ti’2+) = ’ 1, ’ ,
’ (0;1,0) o.w.

2 e 1
. ’ as . ifay ., =0.
Vi€ 2],V 30,8 5(Ti3) = { 2 =2
a3—i,2 O0.W.
One can verify that J(g}’; 3,g1 3 ) < Jr (g%, g™). This is because, (g5, g";) can always achieve =1,

which means E[Y7_, r,|(g}" 3,g1 A NE E[Y7_ g5 g5 ). Also, at timesteps h = 1,2, (81;3:g1;3) has
no additional sharing; if (g]’3, 41;3) has additional sharing, then the communication cost Zz 1 Kn

is at least 1; if (g3, 41.3) has no additional sharing, then (g3, g1, 3) and (g 3,g1 3) has the same
communication cost of Zh 1 Kp = K3 < % Therefore, [Zh Lknl(8]s 81 3)] < E[Zh Lknlgls grs ]
and thus J;(g1’3,8113) < jc(g1;31g1:3)~ ) )

From the above, we know that (g{’;,4;3) is also a team-optimal strategy. Let U; = fi(a;,) :=
2-1faj, = 0L,U, = fif azz i= 2 - 1[ay, = 0], then Jr(g{5,815) = E[Xj_; i — *ulgs 815]
1-E[xs|g)58/5] =1~ E[ c(o] 5,03 2 Uy, Up)], where Uy = fi(ay2) = fi(g2(11,2:)), Uz = faaz2)
fz(ggjz(T2,2+)); which means that (gl’z,gm) can minimize k3 through properly choosing a, (and
Ui.p) if there is no additional sharing in the first two timesteps, i.e., T;,+ = {0;1,4ai1,0; 2, M.}
By construction, k3 only depends on 0%’2, 052, and Uj.,, and is irrelevant of {01,1131,1x0%,2}» and

m;y = (0),m;, = (0,0,0),Vi € [2] always hold. Hence, {01,1,01,2,0f3} are useless information for
agent 1 to choose a1, (and Uj), and to minimize E[x3]. Therefore, not using them in gfz does
not lose any optimality. Hence, we can consider the gfz that only has o}, as input. In the

same way, we can consider the ggz that only has 052 as input. Therefore, ]L(gf:’;,g?f’;) =1-
Zol 5 of3 031 C(O% 2’02 2 fil 81 2 01 2 fal 82 2(0y, 2)))5(0% 2'0; »)- Further, we can leverage y; = f; ng’z’% =
f2085, to minimize the expected cost T of the TDP, where o denotes function composition. Therefore,
from the NP-hardness of TDPs [32] Corollary 4.1], we complete our proof. O]

B-E Proof of Lemma

Proof. We prove this by showing a reduction from the hardness of finding an
e-optimal strategy for POMDPs (Proposition [B.3). Given any POMDP P =
(SP,AP,OP,{@E}hE[HP],{Tf}he[Hw],{Rf}he[HP],pﬂf) with rewards bounded in [O,%], we can con-
struct an LTC £ with 2 agents as follows:

« Number of agents: 1 = 2; length of episode: H = H”.
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S =87 x[2]; for any s € S, we can split state as two parts: s = (s!,s?),s' €S,s? € [2].

Pl
Initial state distribution: Vs; € S, py(s1) = il gsl).

Control action space: For any h € [H], A}, = Af,Az,h =[2].

Transition: For any h € [H], Vsy,sp41 € S,ay € Ay, T(sper s an) = Tf(s}lﬂ |s}1,a1,h)]l[s}21+l =apyl.
Observation space: For any h € [H], O, = OP,OZ,h =S.

Emission: For any h € [H],YVo, € Oy, s, €S, Op(oy|sy) = ©7h)(01,h |s}1[)]l[02’h =sp].

Reward functions: For any h € [H], Vs, € S,a;, € Ay, Ry(sp, ap) = Rf(s}l,al,h)/H.

Baseline sharing: For any h € [H],ZZ = {01 p, a1 p-1}-

Communication action space: For any h € [H], M}, = {0}, My, = {0,1}?"~1. For any p, - €

PLi=sPan- € Pojrmy € My, @1 u(pri-min) = {myph, @on(pan->man) = {o2x|Vk < h, the 2k —
1-th digit of m, is 1 and 0y € poj-} U {apx|Vk < h, the 2k-th digit of m,; is 1 and ay; €

P} U{my ).

Communication cost functions: For any h € [H],z} € Z},KCy(z)) = 1z} # {my,}], which means
that the communication cost is 1 unless there is no additional sharing.

We restrict the communication strategy to only use cj as input.

We first verify that £ is QC and satisfies Assumptions [[II.1} [[IT.4} and [[IL.5

L is QC: For any Yh; < h, < H, agent (2,h;) does not influence agent (1,h;) under baseline
sharing, since agent (2, h;) does not influence s}ll, Vh e [H], then does not influence 0y j,, Yh € [H].
Also, agent 2 shares nothing via baseline sharing. Therefore, agent (2, ;) does not influence
agent (1, h5).

For any h; < hy < H, under baseline sharing, p;;; = 0. Then, we have o(7y;;) C o(cp;) €
o(cn;) S o(Ton;)-

L satisfies Assumption [[II.1} For any h € [H], by, b, € A(S), Oy, satisfies that

CHUES Y X\Z ~ ba(s)Oh((014,02,)l51)

0y, hEOP 07, hES sRES

Z Z Z = ba(sn)O1(01,1151) D2, (02, 1 50)

02,4ES " 01 ,€07 5,€S

= Y| _(br(s) = bals))Oonlornlsn) ) Opplonlsy)

\%

OzthS ShES 01’}1607)
= )| _(brlsw) = balsp))Llon = si]

OzthS ShES
= ) Ibi(oa) = baloz)] = lIby = bally,

OzthS

showing that y-observability is satisfied with y = 1.
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* [ satisfies Assumption [lI1.4; For any h € [H], we restricted that each agent i decides m; ; based
on ¢y, only.

* L[ satisfies Assumption |[II.5; For any h € [H —1],a; j, influences spllﬂ, a, , influences sﬁﬂ.

Consider the communication strategy g’ H that yields no additional sharing, namely, Vh € [H], 7, - €
Z’hf,ggf;;(rz,h ) = 05, For any e-optimal strategy (g177;, &1.;) With € € [0, 4) we claim that (g7}, &1, H)
is also an e-optimal strategy. This is because, comparing to strategy (g7, 41, H), for the trajectories
where (g{7;, 1) leads to no additional sharing, these two strategies output the same actions and
gain the same total return; for the other trajectories where (g177;,&{'7;) leads to some additional shar-
ing, i.e., zj, # {my,} for some h € [H], then it has the return of Zfl(rt k) < Zfil(rt) < 2H -H-1<0,
which is less than when replacing it by (g1 81 H) with return Zt (1 —xy) = Zt 17+ > 0. Therefore,

Je(gta &1 H) > (80 81 n) and (87 81, H) is also an e-optimal strategy with € € [0, 4)

Meanwhile, any (g%, &1, H) being an ;-team optimal strategy of £ will directly give an e-team-
optimal strategy of P as {gl,h}he[H]: since when there is no sharing, the decision process is only
controlled by agent 1. From Proposition we complete the proof. O

C. Deferred Details of §IV|

C-A Proof of Proposition m

Proof. Given any strategy (87.p,&1:11) &1:11 € 1.1 81: € 911y We can define g7 = (1,87, &1, 8fy)-
From the construction of D;, comparing to applying (g{.;;,81"y) in £, if we apply g,.5 in D,

then it is easy to verify that Yh € H,7p,_; = —xp, T, = 1, always holds. Therefore, Jp,(g,.57) =
Jr(81.1,81 ). In the same way, for any strategy g,.;, we can define g,.;7 = (¢, 87, , 811, 8f;), and
verify Jr (81 81'n) = I, (&1.7)- =

C-B Proof of Theoremm

Proof. Firstly, we prove the QC case. To show D, is QC, we need to prove that Viy,i, € [n],hy,hy €
[H], if agent (i, hy) influences agent (i, h,) with hy < h,, then o(7; ;) € 0(T;, 4,), where we use T;
to denote the information available to agent (i, /) in D,. We prove this by considering the following
cases:

* If by = 2t; — 1 with t; € [H], by the construction of D and Assumption [[I1.4}, we have 7; =
Ch, = ¢ € T, p,, since common information accumulates over time by definition, and will
always be included in the available information 7; ;, in later steps with h > h;. Thus, o(T;, 5,) C

0(’%;2,]’!2 )'

* If hy =2t;,hy = 2t, with ty,t, € [H], then T j,, = 7; 1+ = 7;, r- Uz{ by definition. Consider agent
(i1,t1) and (i, t,) in £. From , we know that if any agent in a control step influences another
agent in a control step in D/, then the former also influences the latter in £ under baseline
sharing, and thus o(7; ) C 0(1;,,1;) since £ is QC. This further implies o(7;, 1) C 0(7;, +7) since
o (T, ;) € 0(Ti,)- Also, z{ C ¢ C oy € T, 45 = T, 5, by the accumulation of ¢+ over time.
Thus, we have o(T;, 1) € 0(T;, 1,)-

o If hy = 2t),hy = 2t, — 1,13, t, € [H], then T, ;,, =¢y,. Hence, i3 € [n],i3 # iy, such that 7;, 5, C
Cy+1 € Tiyh,+1- Since agent (iy, hy) influences agent (i, hy), we know that agent (i1, ;) also
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influences agent (i3, hy + 1) in Dy. From Lemma similarly as above, we know o(7; ;) €
0(tj,,1;) since £ is QC. From Assumption and iy # i3, we know o(7; +;) C o(cy;) = o(Ti, 1,)-
Also, it holds that 7; ++\17; - C ¢y Cc;. Hence, we have o(T; 5,) = 0(7; 1) € 0(cr;) = 0 (T, p,)-

Secondly, we prove the sQC case. In Dy, for any iy, i, € [n],h,h; € [H], suppose agent (iy,hy)
influences (i, h;). From the proof above, we know o(7; ) € (7, 5,). We only need to prove
O-(Fd'il,hl) g O.(,;i—;z,hz)'

e If hy = 2t; — 1 with t; € [H], then we know @;, j = m; ;. From Assumption we know that
iy C 20 . Then, we get o(@, 1) C 0(Zh,41) € (@) C 0(T )

o If hy = 2ty,hy = 2t, with t;,t, € [H], then from Lemma we know that o (a;, p,,) € (T, ,)-

o If hy = 2ty,hy = 2t, — 1 with t,t, € [H], then T;,;,, = ¢}, Hence, i3 € [n],i3 # i1, such that
Tih, C Chy+1 C Tiyhy+1- Since agent (iy, hy) influences (iy, h,), we thus know that agent (i, h)
also influences agent (i3, h +1). Since £ is sQC, we know o(a;, 1) C o(7;, 1;) in £ by Lemma
From Assumption and iy # i3, we know o(a;, ) = 0o(a;, +,) € 0(cs;) = 0 (T, p,)-

This completes the proof. O]

C-C Proof of Lemma m

Proof. From the construction of Dz, since Dz requires agents to share more than Dg, it is easy to
observe that Vh e [H],i € [n],¢, C ¢y, T, C Tip-
Let iy,iy € [n],hy,h, € [H], hy < hy, and agent (iy, h;) influences agent (i, h,) in Dz.

* If hy = 2t; -1 with t; € [H], then h; is a communication step. Hence, 7; ,, = ¢, € ¢, and @;, j, =
mj ¢ C Cp+1 C &, from Assumption Therefore, we have o(%;, 5, ) U o(d; n,) € o(¢,) C
O-(Tvl.z,hz)‘

N

o If hy = 2ty,hy = 2t,—-1 with t;,t, € [H], then 7;, ,, = ¢),,. If agent (i1, ;) does not influence (i, ;)
in D/, but agent (i1, hy) influences (ip, hy) in DZ, then it means d; j, € t;, 5, buta; j, €7, p,. This
can only happen when o(7; 1,) C 0(¢y,) € 0(¢p,), and @;, j,, € ¢y, Also, from the construction of

+ . —~ . . —~ . .
D, we know that 7; , \T; », C ¢4, . Therefore, we have o(t;, ) U o(a; ) € 0(Ch,) S o(Tn,)-

If agent (iy, h;) influences agent (i, hy) in D, then we claim that a; ;, influences sy ,; in D,
since otherwise, @; j, does not influence any sy, 05, and aj, with h > hy; also, from Assumption
a;, p, is removed from 7y, Yh > hy, and thus agent (ij,h;) cannot influence agent (ip, h;).
Meanwhile, from the QC IS of D, we know that o(7;, ) € 0(T;,n,) = 0(cy,). Then, from the
construction of DZ, we know that @; j is addedin ¢y, i.e., @; j, € Cp,. Still, due to 7; , \T;, n, €
¢, , we further have o(%; 4, )Uo(a; ) S o(ti,n,)

o If hy = 2ty,hy = 2t, with t1,t, € [H]. If agent (i1, h;) does not influence (ip, h;) in D, then it
means that adding @;, j, in ¢, via strict expansion leads to such influence. Then, it must hold
that o(7; 4,) € 0(cy,) € 0(¢h,), and @;, 5, C ¢;,. We can conclude o(7;, ) U o(a;, p,) S 0(Ch,) S
o (T, h,)-

If agent (i1, h;) influences (i, h,) in D, then we know that a; j influences’s) ;i in D, similarly
as shown in the case for h, = 2t, — 1. Therefore, from Assumption we know that there
exists some i3 # i such that agent ; ; influences agent (i3, +1)in D,. Then, from the QCIS
of D, we know that o(7;, 1,,) € 0(T, ,+1)- Meanwhile, from Assumption (e), we know that
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Ti,h+1 C Tiyp,- Lherefore, we can get o(T;, ) € 0(T;,,) and further o(7; ;) € 0(cy,) due to
Assumption and i3 # ;. Then, from the construction of DZ, we know that @;, ;, is added in
¢p,- Together with the fact that 7; ; \T; ,, C ¢, € ¢p,, we can conclude that o(%; 5, )Uo(d; n,) C
G(thz)-

This completes the proof. ]

C-D Proof of Theorem m

Proof. Firstly, we claim that given any strategy ¢,.;; and g,.57 = ©($,.5, D), ]DZ(g“LH) = Jp,(&1.5)
where the function ¢ is given by Algorithm (3| It suffices to prove that g; (7 ) = & n(7i) always
holds for any 7; ;. Namely for any i € [n],h € [H], and T; ;;, Algorithm |3|can compute the associated
7; , from the expansion in Equation ([V.2), and use it as the input of §;  (Line 11 of Algorithm 3). Let
%], be the information constructed by Algorithm (3| which is the input of §; ; used in Line 11 of the
algorithm. From the construction of the algorithm and the expansion, we have 7; j C Tvi,,h'?i,h CTinw
T; y\T;, and Tvi’,h\?i,h only consist of some actions. For any action d;; with j € [n],t < h, it will be
added in fi,,h\?i,h if and only if it lies in 7; 4\T; j,, since we use the same condition in construction in
the algorithm as that in the expansion (Equation (IV.2)).

Since Dz has larger strategy spaces, i.e., maxglﬁegl:ﬁjpﬁ(gl:ﬁ) Smaxg ¢ ]D}(gl:H)- Let &
be the strategy satisfying ]Dz(g”’l*:H) > MaXy ¢ o ]nglzg) — €. Then, we have Jp (¢(&] ;5 Dr)) =
]DZ(gI:H) >maxy oo ]Dz(g“uq) —€> max—gvlﬁeghﬁjpﬁ(glﬁ) —¢€. Thus, §0(§I:H:DL) is an e-team opti-
mal strategy of D,. O]

Lemma C.1. For any given strategy §,.;; € .C’;lﬁ, implementing Algorithm |4{in D, is equivalent to
implementing ¢(&,.;, D) in Dp.

Proof. Asshown in Theorem|[[V.4} Algorithm [3|can compute the associated 7; ; and use it as the input
of §; » (Line 12). Therefore, it suffices to prove that Algorithmcan also compute the associated 7;
and use it as the input of §; ; (Line 6), i.e., Algorithm |5|can output the associated 7;;, from 7; , and
$1.n-1- We prove this by induction.

Firstly, when h = 1, it holds for any i € [n] such that 7;; = 7;;. In Algorithm |5, when h =1, it will
never enter the for loop, and thus the outputis 7;; = 7; 1.

Secondly, we assume for any h < t, the hypothesis holds. Then, for h = t, given any 7;; € 7~},t and
1121, let ’fi/’t be the output of Algorithm |5 For any j € [n],h" <, if it holds that o(T7j ;) C 0(c;) in
D, and ajy € T, then it can compute the associated 7;; from induction hypothesis (Lines 5-6),
compute the exact d;; based on ¢ (Line 7), and add it into ’Ei”h (Line 8). Therefore, we know
# =T, U |0(F) C 0(@) and @ € T} = i

From induction, we complete the proof. O]

Remark C.2. The difference between Algorithms (3| and [4|lies as follows. Given any ¢,.;; and D,
Algorithm |3| needs to recover the output a;j of g;; under all possible input 7;;, € ﬁh,i € [n],h e
[H], where the cardinality of f}h could be exponentially large. Thus Algorithm |3| may suffer from
computational intractability. However, Algorithm |4/ only requires to recover the output g; , under
the specific 7; , that occurred in the trajectory, which can be implemented in polynomial time.
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C-E Proof of Theorem

Proof. To prove that ’D+ has SI-CIBs, it suffices to prove that for any h = 2,---,H, fix any h; € [h -

1],i; € [n], and for any ¢, 1 € glh 1,gl o € gll n, let gh = (&1,n, --,gll’hl, “,&nh,) and g{zh% =
(81, ,ghl, -+, 8y_1). If ¢, is reachable under both S1:h1 and §1.;_, then the following holds

t t

Div e o Do o v o
P, (3 P € §1:0-1) = P, “ (31 B [ € §1.021)- (C.1)
We prove this result case by case as follows:

o If there exists some i3 # i; such that o(%; j,) C o(7;, ;) and o(d; 5, ) € o(7;, 4), then from As-
sumption we know that o(7;, ,,) € 0(¢4),0(d; 5,) € 0(¢p). Therefore, there exist determin-
istic measurable functions ay,a; such that 7; ,, = a1(¢y),d;, n, = @»(¢4), and further it holds
that

Dszuv Dzu, o VNV Dzuvuw
Py “ (S Pul s §1:0-1) = P, “ (S, Pl @1 (), a2 (Cn)s s G1:0-1) = P, “ (S D1 | €1y §1p2y)-

The last equality is due to the fact that both the input and output of ¢; ;, are conditioned on.

* If for any i, # iy, either o(%; ;) € o(%;,,) or o(dj p,) € o(%;,,), then agent (iy,h;) does not
influence any agent (i, h) with i, # i; in DZ, since otherwise, due to the sQC IS of Dz, it
must hold that o(7; ;) € 0(7;,,) and o(d; 4,) C 0(T;,»). Moreover, we claim that such an
hy has to be even, since otherwise, the agent will be at a communication step, and we must
have 7, = ¢, C &, C 7, by Assumption [[ll.4]and the reformulation in Equation ([V-1), and

di, b, = ;s € z,11+1 Zh 41 € € € T, by Assumption [[I.1{(b), which violates the premise of

this case. Let ki = h /2. Now, we claim that agent (iy, ;) does not influence the state $j nor
the information 7; ;. We prove this case by case as follows:

— Suppose h is even. If agent (ij,h;) influences $j, .1, then from Assumption there
exists some i3 # i; such that agent (iy, h;) influences 0;, , 1. However, from Assumption
I1.1| (e), we know that 0; ; 11 = 0; 41 € Tiy i1

agent (i1, hy) influences agent (i3, h), leading to a contradiction. = Therefore, we know

that agent (i;,h;) does not influence $j, 1, and thus for any i, € [n], it does not influence

0, h,+1- Also, from Assumption we know that d;, ,, € T;, 4, +1- Therefore, agent (i1, hy)

does not influence 7;, 4, ;1 nor d;, , +1. By recursion, we know that agent (i;, h;) does not

influence sy nor t;,;y ¥ iy € [n],h" > h.

C Tih = Ti,h € Ti, n, which means that

— Suppose h is odd, then pj, = 0 by Equation . If agent (i1, hp) influences §j in Dz, then
agent (i1, hp) influences s, in D/, since strict expansion does not change system dynamics.
This implies that agent (ij,h;) influences s, ,; in £, since otherwise, as argued above,
it will not influence the later state ;. Moreover, from Assumption we know that
agent (i1, hy) also influences 0_;, 5, i.e., there must exist some i3 # i; such that agent (i1, ;)
influences 0;,  in D;. From Assumption (e), it holds that 0;, , € T;, j41. Therefore,
agent (iy, hy) influences agent (i3,h+ 1) in Dy. From Lemma we know o(7; k) €

o(tj,k-) in £, where k := (h+1)/2. Furthermore, from Assumption and i3 # iy, it holds

that G(T,1 k7) € o(ck-). Also, from Equation 1) it holds that T; j, = 7 xt = Tj k; U zl‘;
and zk1 =72y, € ¢p. Then, we have o(7;, j,,) € o(c,) = 0(T;, ). Based on the strict expansion

from D, to Dz, we can get T 5 \Ti, n, € Cp, € T, and d; p, € ¢,. Then, it holds that
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o (T n,) € o(Ti, ), 0(d n,) € 0(Ti ), which leads to a contradiction to the premise that for
any ip # iy, either o(%;, 5,) € o(%;, ;) or o(dj, ) € o(7;, ;). Hence, we know agent (iy, ;)
does not influence the state $j,. Additionally, for any i, # iy, since agent (iy, h;) does not
influence agent (i,, h) in Dz, and 7; , = ¢, = 1;, 5, then we know that agent (i1, h;) does not
influence 7;, .

Combining the two cases above, we know that agent (i1, ;) does not influence $j,, and does not
influence %; ,, Vi € [1] in D, yielding

V2 DL, . L. . DL, .. . D,
P, “ (S Pul s 1:0-1) = P, “ (S Pho € 1 € §1:n=1) = B, o Th | €y §1:0-1) = P, “ (S ATi i) | S0 G1:0-1)
+

Df s (¥ N Dl v ~ 1% s
=P, (S AT ntien) 1 €h 81m1) = P, “(Sh Pr 14 &1p_1)-
This completes the proof. O

C-F Proof of Theorem m

Proof. Firstly, from the construction of D, and the strategy space Ql 7, we know that for any h €
[H)i € [n],Con1 = Con1, Ai i = Ajpne 1,7'1 on = Tipw Aipn = Ay Therefore, G 7 = G5, and
finding a team optimal strategy of D/ in space Ql . 1s equivalent to finding a team-optimum of DJr
in space G,.;y by definition.

Secondly, we will prove that the Dec-POMDP D, satisfies the information evolution rules. From
Assumptlonu it holds that, for any i € [n],h € [H] if h =2t -1 with t € [H], then

2z = Xt(Ph-1,4n-1,0n), Pih = &it(Pin-1,i h-1,0i 1)

if h = 2t with t € [H], then

zp = Pi(pr-1,an-1), Pih = DPih-1\Pit(Pin-1,in-1)

where x;,¢&;; are fixed transformations and ¢y, ¢; ), are additional-sharing functions. Recall that
we defined p; ;1 = pi; for any i € [n],t € [H]. From the expansion (Equation (IV.2)), we know
2, = 64\ &_1. Also, from the refinement, we know Vi € [n],h € [H],Z} = £,,Cy = &, @; = di jy = @i p, 01y =
0in =0;p, and ¥Vt € [H], Pipt-1 = Pit-Piot = Piar-

Then, we can construct {Xh}he RES h}ze[n] he[H] accordingly as follows:

o If h=2t-1 with t € [H], we define ¥}, {Ei,h}ie[n] as

Vie[n),&pi=&yr VDy_y € Ppot, @yt € Ap1,0, €Oy,

(Pt @n-1,01) = Xt(Pp_1,@n-1,04) U p},\0}, where

p;ll :={a;p-11Yj € [n],0(T; 1) C 0(Cp), aj h-1 influences s\ x+(p),_1,an-1,04) if h > 1, otherwise 0.

p}zl =A{ajn,|Vj€lnlhg<h-1,0(a;,) S o(ch-1),ajn, influences sy 11} N x1(Pj,_1,an-1,04), if h > 2, otherwise 0.
Note that there exists some functions fhl, th such that p}l = fh1 (Py_1,n-1,0n), pi =
fhz(]_)h_l,ﬁh_lﬁh). This is because, pi C {ain-1}ie[n)y Which element g;_ is in pi is based on

whether (7 ,_1) C o(c;) and whether 4 ;,_; influences s, which is a property of the prob-
lem D,. Similarly, p,zl C X+(Pj_1,an-1,0), and which element a; , is in p,zz is based on whether
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0 (ajp,) € 0(Cp-1),aj n, influences sy, 1. Now we will show that xp, {E; n}ic[n) satisfy
Ch=Ch1YZp, 2y = Xn(Pp_y,an-1,0,),  foreachie€(n], P, =& n(P; ) 1, %in-1,0in)

For functions {Ei,h}ie[n], based on the construction of D, from D,, we know p;;, , =
Dih-1,8ih—1 = @i h-1,0j h—1 = 0j p—1, and P; ,, = pi ;- = Pi -

For function Y, it is easy to verify that z,\z;, = (c,\cu)\(choq1\cho1) and zZ\z, =
(cn-1\cn-1)\(cp\cp). Together with the fact that z;, =z, U (z;,\z;,)\(2;,\zy,), it suffices to show that
p,ll =Zp\2p, pﬁ =7Z,\z;. From the expansion, we know that for any h’ € [H], ¢}, \¢j, only consists
of some actions at the even timesteps, since the actions at odd timesteps cannot influence the
underlying state. Therefore, z;\z; and z;\zj, only consist of some actions at the even timesteps.

For any @; 5,1 € [n],t; <'t, if @; 5, influences sy .1, then from Assumption there exists
i # i such that @; 5, influences 0;, 5 ;1 and thus influences 7;, 5 ;1 due to Assumption (e).
From the QC IS of D, we know that 0(7; »,) € (T}, 2¢,+1), and thus o(7; »;,) € (¢34, 41) due to
Assumption and i, # i. Therefore, from Equation (IV.2), we know that @; 5;, € ¢, 1. This
means, if any action @; 5;, influences underlying statesy; ,;, we have a; 5, € ¢y 41 =€y, 41, since
it will be added in ¢, ,; via expansion.

Therefore, if any action a@;,, = a@; ,i € [n],hy < his in (¢;\¢;)\(Ch—1\Cy-1), it can only happen
if hy = h—1. Also, for any i € [n], if a;;_; € p}ll, then o(7;;-1) € o(cy),a; -1 influences sy,
and furthermore, a;;,_1 € x;(p;_;,ay-1,05). Then, it means a;;_; € c;. Therefore, a;;_; €
(cp\cn)\(ch_1\C¢,_1) and we proved that pli C zp\z. Also, for any i € [n], a; -1 € z,\z;, only
if @; 1 is added via expansion and @, ;1 € x(P,_;,4n-1,05). Then, this can only happen if
0(T;j—1) € 0(cy) and a; j,_; influences 5. Therefore, we proved that z;\z, C p}ll. Combining the
two parts we obtain p}ll =z,\zp.

For any a;,,i € [n],hy < his in Z;\2z), = (C4—1\Ch—1)\(ch\cp). We will know that a;; € ¢y,
then hy +1 <h-1and o(a;,) C 0(cy_1). Also, from the proof above, we know a; ;, influences
the state 5j, .1, then together with @, €7, we have a; € {a; Y] € [n],hg <h-1,0(a;,) C
0(Cp-1),ajp, influences sy, .1} N'Z;. Therefore, Z,\z;, C pi. Meanwhile, for any i € [n],h; < h, if
ajp, € pﬁ, thenitholdsa; ; €7z, hy <h-1,and4;;, influencessj .i. Then, from above, we know
that a; ,, = d;; will be added in ¢, 1 =¢j, 41 € j—1 since hy <h—1. Then, a;, €z, = ¢, \Cpp_1.
Therefore, a; j,, €z,\zy, and then pi C€z,\zj,. Combining the two parts we obtain pﬁ =7Z,\zp-

If h = 2t with t € [H], we define ¥}, {zi,h}ie[n] as
Vi€ [n)D; -1 € Pin-1,@in-1 € Aije1,0i 4 € Oi i & h(Pi pys @1, 03 ) = Py \Pit (B 1 @i 1)
VP_1 € Phot,@p-1 € Ap_1,0p € Op Xn(Ppys @n1,0n) = Pt (P_y, @nt)-
Now we will show that x/, {Ei,h}ie[n] satisfy
Ty =Ch-1YZn Zn = Xn(Py_1,@n-1,04),  foreachi€[n], B;j =& n(Pi ey @ip-1,011).

For functions {Ei,h}ie[n]: based on the construction of D from D, we know Pin-1 = Pit =
Pih-1,8ih—1 = @i 1, and D; , = Pi -

For function ¥}, we know that p, | = p;- = py_1,4,-1 = a1, so it suffices to show that
2, = zy. As shown above, z;,\zj, and z;,\z; only consist of some actions at the even timesteps.
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Moreover, for any action @; 5, with i € [n],t; <t that influences 5, ,;, it will be added in
Ct,+1 Via expansion (if @; o, € Cy,41); if a5, does not influence 55, ,;, then it will never be
added via expansion. Therefore, z;\z, = 0. Also, if some action a; »; € 2,\z), then we know
;¢ €2 = G4(Py_y,an-1), and further we know a; ; € p,_; = p; . However, if 4; 5, influences
Syt,+1, then it will be added in ¢y, ;1 and cannot lie in p;_;; if 4@; »;, does not influence s5;, .,
then from Assumption @ 51, € pj - Therefore, we know z;,\z, = 0, and get Z;, = zj,.

Thirdly, we prove that such a Dec-POMDP D, has SI-CIBs with respect to the strategy space El:ﬁ'
This is equivalent to that for any h € [2: H|,5;, € S, P}, € Pp, ¢y € Cpo iy € [11], 1y < h,§1:h_1,§lf1,hl € Eil:hl’
let E;ZI = (Zyp ,g;l,hl, “,8yn,) and S = (8 ,§;ll, -+, 8,_1). If ¢ is reachable from both
211 and g1, ¢, it holds that

’ ’

D._ _ _ _ D, _ _ _ _
Phﬂ(sh’phlch’gl:h—l) = Phc(sh’phlch’glzh—l)‘ (C2)

We prove this case by case. If h = 2t with t € [H], then from the result of Theorem it holds that

D, _ o _ DL _ DL _ _ Dy _ o~
P G Prlen 81n-1) =Py “GuPplen 81n-1) =B, “Gr Pyl cn 811) = P, “Gro Py 1€ 811)-

Therefore, now we consider the case that h = 2t — 1 with t € [H].
Suppose h; is odd, which means that ), corresponds to the communication action in £. Then, it
holds that ¢, Ccy,a; 5, =m, n+ €7y, then

P

’ ’

D, DL
P, PylCh 81ne1) = Py, Gu P hys @iy iy S 8111

,

D D, _
=P, Pl @i ny o &1ne1 \&iny) = Py G P 1€ €101),

where the second equality is because the input and output of g; , arecy, and a; j, .

Suppose h; is even, which means that h; is a control timestep, and let t; = %1 If o(T; ) C o(ch)
and o(a; ) € o(cy), then there exist deterministic measurable functions @;,a; such that 7; ; =

a@y(cp),a;, n, = @s(cy), and further it holds that

’

Dy _ Dy o _
P, S Pplen &1n-1) =Py “Gn by @1 (Ch) a2(Ch), €y 811

’

D D
I L = = = _prLis 5 = = = =
=P, “Gn Dyl Ti by @iy hy o 81n-1) = Py, “ G P Ti by @i iy » €10 8 1m21)-

If o(T; 5,) € o(cy) or 0(@j, p,) € o(cy). Since hy is even, T, = T p, i, n, = di p,- Also, we know
€y = &, then it holds that o(%; ) € 0(¢)) or o(dj, ) € 0(&). Firstly, from the sQC of D!, we know
that agent (i1, ;) does not influence agent (i, h) in Dz for any i, # i;. Then, as shown in the proof
of Theorem we know that agent (i1, ;) does not influence $j,, 1 =5, 41 and does not influence
¢ = ¢y for any h’ < h. Secondly, from Assumption we know that for any i € [n],p; ¢, +1) =
ity 41(Piers it 0ip 1), where & 4 11 is a fixed transformation. Also, from Assumption [[1I.5, we know
that a;; € p;,+1)-- Therefore, we can write p; s, 11)- = &t +1(Pist,0i,+1). From the definition of
refinement, we know that Pip+1 = &ity+1(Pi e, 0in,+1). Since agent (i1,h1) does not influence 5y, 4, it
does not influence 0; ,, 1. Also, agent (i}, h;) does not influence ¢, 1 and p; ;+ (which happens before
choosing a;, ;, =a; ). Therefore, agent (i;, h;) does not influence T, j,, .1, and thus does not influence
a;p,+1 for any i € [n]. Thirdly, we know that for any i € [n]’l_)i,h1+2 = &iny+2(Pi 10 @i hy +15 00y +2),
where 0; ,» = 0. Since agent (i1, h;) does not influence p; hy+1 and a; j,, ;1, it does not influence
Pip 42 Also, we know that it does not influence 7; j,, ,,. Therefore, agent (ij, ;) does not influence
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T;n+2, and thus does not influence a; j, .. This way, we know that agent (i;, ;) does not influence
T, foranyie(n],hy <h’<h.

Finally, since we proved that agent (ij, h;) does not influence 5 ., and does not influence 7;}, Vi €
[n],hy <k’ < h, then it does not influence @; ;,, we have

D D, _ _ D
P G Pplen &1ne1) =Py G P CnlTn 81pm1) = Py “ S Th T §1.0-1)

D o D, D,
=P, G ATinbiem € €1nm1) = P, “ G ATi nbien) 1€ 81an1) = P, “ G P11 8121 )

which completes the proof. O

C-G Important Auxiliary Definitions

Definition C.3 (Perfect recall [25]). We say that agent i has perfect recall if Yh = 2,---,H, it holds
that 7; ;1 U{a;_1} C T;y. If for any i € [n], agent i has perfect recall, we call that the Dec-POMDP
has a perfect recall property.

The following definitions are important for solving the Dec-POMDP constructed from the LTC
problem.

Definition C.4 (Value function). For each i € [1n] and h € [H], given common information ¢;, and
strategy ¢,.77 € G,.77, the value function conditioned on the common information is defined as:

H
Z (S @, Pyy)

1. D
V
3111

Eh], (C.3)

where R, takes Sy, ay, Py as input.

Definition C.5 (Prescription and Q-value function). Prescription is an important concept in the
common-information-based framework [15, [16]. For any h € [H],i € [n], the prescription of agent i
at the timestep h is defined as y;j, € I; ,, where [}, := Zi,h = Mi’;%l if h=2k-1,ke[H],and [}, :=
in: ﬁ-,h — Zi,h} if h =2k, k € [H]. We use v}, := (Y1, » V) to denote the joint prescription and
I}, to denote the joint prescription space. The prescriptions are the marginalization of the strategies
S e, Yk € [H], yiok-1 = & ok-1(C2k-1), ¥i,2k(*) = §; 2k (C2k, ) Then, for any g, 77, we can define the
Q-value function as
H
ZRh'(Eh'ﬁhu}_’h')
h=h

Note that for any i € [n], and any odd timestep 2k — 1 with k € [H], by Assumption we
consider the strategies that only take common information as input. Thus, the prescription y; yx_; =
a;2k-1- To unify the notation, we may also write it as y; 2k_1(") = §; 5x_1(C2k-1,°), where - takes the
value of (@ rather than p; 5 ;.

1w D; Dy
Q" “(Cnyn) =B

Eh, )/h . (C4)

Definition C.6 (Expected approximate common information model). We define an expected approx-
imate common information model of D}, as

M := ({Cobyermp Pndneay B ey T (RY Yeqmmy)
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where I' = {I}}};7) is the joint prescription space, Cp, is the space of approximate common infor-
mation at timestep h. IP’ZVI’Z : Eh x I, = A(Zy,1) gives the probability of Z;,; under ¢, and yj.
ﬁhM : a, x Iy — [0,1] gives the reward at timestep h given ¢;, and ;. Then, we call that M is an
(€,(M), e(M))-expected-approximate common information model of D}, if it has some compression
function Compressy, such that ¢, =Compressy,(cy,) for each h € [H], and satisfies the following;:

* There exists a transformation function (Ip\h such that

To= Gu(@1,Zn),  where Z, = ,\G . (C.5)

* For any g,.,_; and any prescription yj € I}, it holds that

D’ )o—_— _ — —
E_* ~  —  [EP[Ry(Gwan py) S vl = R @ i)l < €,(M). (C.6)

A1:h-1,01:h~8 1:h-1

* For any g,.,_; and any prescription yj, € I}, it holds that

D, D,  _ Mz, |~

2oz B ClEn 7)) =B 21T yill < ex(M). (C.7)
Definition C.7 (Value functions under M). Given a Dec-POMDP D, and its expected approximate
common information model M. For any strategy g,.;7 € 61 77 h € [H], we define the value function
and Q-value functions under M as

M, o
Vg”' (cn) = RM(ComPfeSSh(Ch) {8,n(Ch N jeln ])+]EM[th+11H (Ch+1)| Compress;, (€y), {8 5 (Chr )} jeln] 1

M
Q5™ M (@, ) = RM(Compress,, (), i) + EM[VET M (@,,1)| Compress,, (€,), 1),

81.aM

QM@ yn) = max QT (C, ).

81 Heng

Definition C.8 (Model-belief consistency). We say the expected approximate common informa-
tion model M of D} is consistent with some approximate common-information-based beliefs

{Pﬁ/l’c(Eh,;_?h |’C71)}h€[ﬁ], if it satisfies the following: for all i € [n], he H,

M,z = =~ M, = _ —
Pyn1 Zon|Cana1, Von-1) = Z Z P51 (B2n-1,Pon_1 [C2n-1),
Sl Pt B
Xon(Pan_1,Y21-1,021=0)=23,
M,z = — M= = |~ _ _
Py, Zoner [Con van) = Z Z (ch “(Sam Pon | Con) 1 [@2n = You(Poy)] (C.8)
San . Pon@21,02p11¢

X 2141 (P o1y 821:02141)=Z 2011

ZT2h(§2h+1 1520, 821) Q2111 (02141 |§2h+1))l

§2h+1

—

M = Mc = = = B (= =
Roy_1(Can-1,72n-1) = Z Z}chfl(SZh—IIPZh—l [S2n-1)Ron-121-1, Y2h-1,Pop_1 )

Son-1Pon-1
— (C.9)
Ron(Cam von) = Z ]ch “(Son Pon [0 L@ = Y2n(Pop) IR 21(S2ms Gans Pop)-

S2hsPopr A2k
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Definition C.9 (Strategy-dependent approximate common information model). Given an expected
approximate common information model M of D/ (as in Definition ) and H joint strategies
g'H, where each g" € El:ﬁ for h € [H], we say M is a strategy-dependent expected approximate com-

mon information model, denoted as M(g'H), if it is consistent with the strategy-dependent beliefs

{Pg (sh,phlch)}he[ ] (as per Definition C.8|.

Definition C.10 (Length of approximate common information). Given the compression functions
{Compress;,} (77}, we define an integer L > 0 as the minimum length such that there exists a mapping

ﬁ' max{l h-T}:h X Amax{l h-Tph-1 Ch such that for each h € [H + 1] and joint history {01.;,a1.,_1}, we

have fh xh - Ch' where Xp = { max{h 1y max{h Ll}’omax{h T1}+1” A l’oh}

C-H Main Results for Planning in QC LTCs

Theorem C.11 (Full version of Theorem[IV.8). Givenany QC LTC problem £ satisfying Assumptions
1.1}, [[TT.4} [[T1.5), and [II.7} we can construct a Dec-POMDP problem D}, with SI-CIBs such that for
any € > 0, solving an e-team optimal strategy in D/, can give us an e-team optimal strategy of £, and
the following holds. Fix €,,€, > 0 and given any (€,, €,)-expected-approximate common information
model M for D} that satisfies Assumption there exists an algorithm that can compute a (2He, +

ﬁzez)-team optimal strategy for the original LTC problem £ with time complexity max; IChl -

poly(|S|,|Aul, [Pyl H). In particular, for any fixed € > 0, if £ has a baseline sharing protocol as one
of the examples in one can construct such am M and apply Algorithm [I|to compute an e-team
optimal strategy for £ with the following complexities:

* Examples 1, 3, 5, 6: poly(maxheﬁ(@hﬂjhl)cy *log(Z |S| H, )

* Examples 2, 4,7, 8: poly(maxheH(|Oh||Ah|)C7 *log()+2d JISLH, )

for some universal constant C > 0. Recall that y is the constant in Assumption |III.1, And 4 is
the delayed step of sharing, which is a constant as stated in Note that if d = polylogH, the
complexity is still quasi-polynomial.

Proof. We divide the proof into the following three Parts.
Part I: Given any QC LTC problem £ satisfying Assumptions [[1I.1}, |I1I.4} [II1.5} and [III.7} we can

construct a Dec-POMDP problem D/ with SI-CIBs such that finding an e-team optimal strategy can
give us an e-team optimal strategy of £, as shown in Algorithm

Part II: Given any (e,,€,)-expected-approximate common information model M of the Dec-
POMDP D/, we aim to show that there exists an algorithm, Algorithm @, that can output an e-team

optimal strategy of D). with € = 2He, +ﬁ262. Then, together with the result in Part I, we can further
get that the output of Algorithm|I]is an e-team optimal strategy of L.

First, we need to prove that solving M can get the e-team optimal strategy of D. We prove the
following 2 lemmas first.

Lemma C.12. For any strategy 2,77 € G,.77, and h € [H], we have

(H-h+1)(H-h)
2

o VR ) - VEF M) < (F -+ e, +

€. (C.10)
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- .50 — g.gM =
Proof. We prove it by induction. For h = H + 1, we have Vfl‘H “ep) = V;'fl'” M(ch) =0.

For the step h < H, we have

D, .50, — SgM -
E_° [V 78 (@) - VS ()]

gl:H
D, — Mo =
<E_* \[EP[Ry(Sn @n By) 1€ (8 14Cr )] = Ry @ {Z (o ) ey
81:H ] ]
D, gD, TaM
Eﬁ[ E , V 1:H’"~ [ _]E7 2 = _ V 1:H U
- SvH | Eh+1~]P’fL(?h;{?j,h(fhr)}je[n])[ h (@ UZhn)] 211 ~By (1 & M) (e Zh+1)]|]
- D/ D/ _ M’ - D/ g :7’D/ _ —_ :7’./\/1 _
<e,+(H-hE;" 5 = P Clenyn) =P (e yulh +B55 5%, [thilH (Cpar) = VLT (Ch+1)|]

<e,+(H-h)e, + (H-h)e, + (E_h)(?_h_l)

€z

H-n)(H-h+1)

<(H-h+1)e, + >

€,

The proof mainly follows from the proof of Lemma 2 in [14]. But the difference is that D, may

_ D, = — =
not satisfy Assumption [[I.1} In the third line of this proof, we had zj.; ~ P, “ (¢}, {g]-’h(ch,-)}je[n]),
where zj,,; is generated as

’

DL
P, “ (Zhe1 1o i)
D - = o
= Z P, “(5n Pyl ch) Z Ths1 et 158 @n)Opi1 (0n41 1551 U X ns1 (Pry @ Onar )
Sh Eg,ﬁh eﬁh Shi EE'E}H] 66h-+-1

with y, ={g; 4 (Ch W je(n) @n = yu(py) if h = 2k else aj, = yy, for some k € [H]. O

Lemma C.13. Let ’g\{:ﬁ € G,.7; be the strategy output by Algorithm EI, then for any h € [H],¢), €
Chigl;ﬁ IS gl:ﬁ, it holds that

- ’xin
via e,y < viaT @), (C.11)

Proof. We prove it by induction. For h = H + 1, we have VELH'M(E;[) = Vflg“ﬁ' (cp) = 0.
For the timestep h < H, we have

VM @) = B @ ()@ Wietn) + Vit @) 1800 )
< MG (G Wjet) + Vst @) I )

= QET:H]M(Eh: {81(Cnjepn)
< Q5 0 840 )

qf,M _
= VI (@),

For the first inequality, we use the induction hypothesis. For the second inequality, we use the

M M __ . .
property of argmax in algorithm and Vf (o) = V;lg "7 (cp). By induction, we complete the proof.

O]

We now go back to the proof of the theorem. Let g} - be the solution output by Algorithm @
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then for any g,.;7 € leﬁ, he[H),c, e Eh, we have

D, ng’D’ - ?.7'D/ —
ngﬁ[vhm NCARA L(Ch)]
Dp ({8 De - < EM ToM_ oD
=B " [(Vgl'H f(en) - vy (Ch))+(Vhl‘H () -V, ‘(ch))]
qi’M df,D/
<E§1H[(ng “(en) - Vi (e h))+(V,fl:H (cp) - VT ‘(zh))] (C.12)

(F-m(H-h+1)_
2 z
=2(H-h+1)e,+(H-h)(H-h+1)e,

<(H-h+1)e, + +(H-h+1)e, +

For the first inequality, we use Lemma [C.13]| For the second inequality, we use Lemma [C.12] Then,

we can apply h = 0 to Equation (C.12) and have Ip, (g1.7) < Ip, ( )+ 2He, + " €,. Note that if M
(the model constructed in the Line [4] of Algorlthm 1) satlsﬁes Assumpt1on [V.7] then Algorithm [I]
has time complexity maxhe[H] |Ch| poly(|S], max, i IAhl ,MaX; (7] [P, H). This is because there

are at most HmaxheH |Ch| iterations in Algorithm (called in Line [5| of Algorithm |1}) ' and for each
iteration, it has poly(|S]|, , MaX e 7] | A4, Max (7 ||77h|) time complexity due to Assumption [IV.7| This
completes the proof of Part II.

Part III: If the baseline sharing of £ is one of the 8 examples in §A] we can construct an expected-
approximate common information model M of D, with €, = €, = €, and M satisfies Assumptionm
and is consistent with some belief.

We first prove following lemmas, which helps to bound the errors €,,€,.

Lemma C.14. Given any belief {PﬁA’C(Eh,;_)h |’c\h)}h€[ﬁ] such that an expected-approximate-common-

information model M is consistent with such belief, it holds that for any & € [H],Cp, vn €Iy

D’ _ - D _ _—
I, 120 vi) = Py 1Syl < 1P, - 180) =B, [G)I
’ —_ — — —_ —_ o~ D, —_ —
IEPz [R5 @ D) | Vil = R @ i)l < P2 (-, 1) = ]P’hM’C(u el
where ¢;, =Compressy,(cy,)-

Proof. Adapted from Lemma 4 in [14] by changing the reward function of 7; (s, a;) to Rh(sh, ap, Py)-

Note that the latter can still be evaluated given the common-information-based belief, ]P’ “(Snpy1ch).
O

Then, we define the belief states following the notation in 28, [14] as b, (0) = Ui, b,(01.0T150-1) =

D, D,
P, “(5p = 1015 @1:-1) (011, @1:-1) = P, (55 = [010-1,@1.5-1), where b € A(S). Also, for any L> 1,
we define the approximate belief state using the most recent L-step history, that

,

— _ D, = _
by, (0p-r+1:h @n-r1:n-1) = P, “(5p = - [Sp—r ~ Unif(S), 0p_r.4 1.0, Ah—1:1-1)

,

- — — D, _ — S — _
by (On-—r+1:n-1,On-L:n-1) = IP’;,L(Sh =|5y_r ~ Unif(S), 0p_r+1:0 G-r:1-1)-

Also, for any set N C [n], we define oy ;, = {0; };en, and the same for ay ;. We can also define the
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belief of states given historical observations and actions as follows: for any N C [n],

’

— — _ D, _ _ _ _
bh(olzh—llal:h—lloN,h) = IEDh£(5h = '|01:h—11a1:h—110N,h)

i

T’ = — — D, - o\ — — —
by (Oh—r41:0-1,@h-L:h-1, 0N, 1) = Ph “(5p = -15p—r ~ Unif(S), 0p_r41:h-1, @h—L:1-1, ON,h)-
Let S =S| be the cardinality of state space S, we have the following lemma.

Lemma C.15. There is a constant C > 1 such that the following hold. Given any LTC problem £
satisfying Assumption |III.1} and let D, be the Dec-POMDP after reformulation, strict expansion

and refinement. Let € > 0, fix a strategy g,.;7 and indices | <h-L<h-1<H.IfL>Cy™* log(@),
then the following set of inequalities hold

_ . B

E5 300 1~,5 101 (0100 81:0-1) = br(Op-r41:n-1, @n-Ln)lh < € (C.13)
_ - B

E5 3001 ~3,5 10 (010 81:0-1) = by (Op-rs1:n-1,@n-Ln1)lh < € (C.14)
_ - ~ - B B

E5, 3001~ 1 (01:0-1,81:0-1, 0N 1) = br(Op-r41:8-1, Fn-L:n-1, 0N 1)l < € (C.15)

Proof. Given any LTC problem £, we can construct a Dec-POMDP D such that the transition and
observation functions of D are the same as £. And D has fully-sharing information structure, which
means it shares all the 0;.4_1,41., as common information at timestep h. Since D} is constructed
from L after reformulation, expansion and refinement, for any h € [H], we have

by(01. A1pe1) = byust (01 het @y i) = by it (0 ey, dyy e ))

L
by(015-1,@10-1) = byust (0 1) ay, 1)) = lv’[’%lj(éligydl:[h’lj)'

And for the approximate belief state, for any h € [H], we have

v

7/ = —_ v v

bu(On-Lrn-1, Bn-Lin-1) = b[%J(OL—“ﬁ”J:L%J'”L’%LJ:L’%IJ) = bih*%J("L—h%”J:L%J'“L’%LJ:L’%J)
- _ ¥ v v
bu(On-L1m Bn-Lin-1) = b [%J("L—“%:L%J'“L’%J:L’%J) - b['%l (O etz gy g g s ).

Also, since for any t € [H],a,;_; are communication actions, 0,; = 0 is null, and 5,;_; = 5,; always
holds. Then, we can write Equation (C.13) and Equation (C.14) as

- — _
E7 LBty s ”bh(olzhfal:h—l)_bh(oh—L+1:h1ah—L:h—1)|ll <e (C.16)
{OZt—l}t:l r{u2r}1:1 ~81.H

- _ _ - _
E7 thy sy ”bh(olzh—llal:h—l)_bh(oh—L+1:h—1lah—L:h—l)“l <e. (C'17)
2 p)
{02t—1}r:11{“2t}t:1 ~81.H

Since D has a fully-sharing IS, then given any strategy g1 7 We can construct a strategy ¢;.y such
that, for any ay.;,_1,01.

T b o IS bl 5 . ,
PDL({OZt—l}tzzl f{a2t}t:21 |g1:ﬁ) = PD(Olil_h%lJ’alzl_h%J |g1H)

Since D satisfies Assumption [[I.1}, we can apply Theorem 10 in [14] with ¢;. to get the result that
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there is a constant Cy > 1 such that if L’ > Cop~* log(%), the following holds

oy n s 0 ) Ot p gy ) = by (Ot gy i p g Dl S € (C.18)

|ih+1J(5I_MJ—L’+1:|_%J’ dl_%J—L’:l_h%lJ)”l <e. (C.19)

7
L
EélszTlJ,élth%lJ’“gvle”b[h%lJ(OI:L%J’ dye))=b 2

We choose C = 3Cy,L =2L"+1. If L > Cy™* log(@), we have L’ > C07_4log(|%
get Equation (C.16) and Equation (C.17).

For Equation (C.15), we cannot directly apply Theorem 10 in [14], but we can slightly change
Equation (E.11) of Theorem 10 in [14] as

). Therefore, we can

D

— —)
Eo /v 1~g 71000101, 101, 0N, 1) = bi(On—p41:h-1, An-1:h-1, ON 1)1 < €. (C.20)

It still holds if the posterior update F(P : 0y j,) is changed to F1(P : oy j,), when applying Lemma 12 in
the proof of Theorem 10 of [14]. Therefore, we can use the same arguments to prove Equation (C.15)
from Equation (C.20) as above, and this completes the proof. O

Then, we discuss the 8 examples of QC LTC given in §A] case by case. For each of them, we
compress the common information as {az}he[ﬁ] using a finite-memory truncation, construct beliefs

{PZ\A’C(Eh,;_)hIEL)}hE[m, and then construct an expected approximate common information model

M according to {al}he[ﬁ]' {PhM’CGh,[_Jh |?h)}he[ﬁ] and Definition |C.8] Note that after reformulation,
strict expansion, and refinement, Example 5 will be the same as Example 1, and Example 7
will be the same as Example 2; Example 6 is similar to Example 1, and Example 8 is similar to
Example 2. Next, we categorize the examples in §A|into 6 Types, and verify that the constructed
M is an (€,,€,)-expected approximate common information model with €, = €, = € and satisfies

Assumption [[V.7]

Type 1: Baseline sharing of £ is one of Examples 1 and 5 in §A] Then, common information should
be that for any t € [H],¢5;_1 = {01:21-2,81:21-2}, €2t = {01:2/-2,81:2¢-1,0n,2¢-1}, N € [n], where N is the set
of agents that choose to share their observations through additional sharing, and N can be inferred

— D, _ — — - — — — = — —
from ©y;. Then, we have that P," (So1-1, P21 [€26-1) = b2r-1(01:26-2,1:20-2)(526-1) Q241 (0241 [52-1).
Fix compression length L > 0, for timestep 2t — 1, we define the approximate common in-

formation as ¢y;_; = {024_1.2¢_2,421_1-1:2t—2}, and the approximate common information con-
. . M,c — — — _ 7/ — — — b~ — —
ditioned belief as P, (S2—1,P0;_1[C2i-1) = bos_1(020-1:20-2,821-1-1:20-2)(52¢-1) Q21 (0241 |524-1)-
D, T _ _ _ — o
Also, we have P,/ (55:,P,:1C2) = bor-1(01:2¢-2,81:2¢-2,0N,2¢-1)(526-1)Pos-1(0-N,26-1 152621, 0N, 2¢-1)-

For timestep 2f, we define the approximate common information a Ty
{02¢_1:2¢-2,42¢-1-1:2t-1,0N2t-1}, ~and the common information conditioned belief as

M= — = _ 77 — - - - - - -

Pt (ot Poel€2t) = b 1(02e-r1:20-2, @2t 1-1:26-2,0N,26-1)(526-1)P2-1 (0-N,26-1 [52¢-1,0N,2¢-1),  Where
_ _ Oi-1 (On 21-10-N211 |1

Ppi1(0-N2t-1152t-1,0N,20-1) = 21O i1 O ) After that, we can construct

ZELN,ZH Oy (ON,26-1,0 N,26-1 1526-1)
{P#’Z}he[ﬁ]’ {ﬁh}he[ﬁ] based on D, and the beliefs {Pﬁ/l’c}he[ﬁ],
Now, we need to verify that Definition [C.6]is satisfied.

e The {?h}he[ﬁ] satisfied Equation Qi since for any h € [H], Cj.1 €T, UZ),.

* Note that for any ¢,;_; and the corresponding ¢;;_; constructed above, according to Lemma
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C.14] we have:
D, _ M, —~
P55 (o 12em1) = P55 (- [0l
= Z 1b2t—1(01:20-2,A1:2¢-2)(524-1) Q-1 (024-1 [52¢-1)
$24-1,021-1

_, _ _ B _ _ B
by 1(02¢-1:260-1,2¢-1-1:20-2)(526-1) D241 (021 52421 )

_ _ _ _, N _
<|Ib-1(01:2¢-2,@1:20-2) = b1 (02¢-1:26-1, A2p—1-1:20-2)ll1.-

For any ¢,; and the corresponding ¢;; constructed above, according to Lemma we have:

D, _ M, —~
”PZt[(" : | CZt) - Pzt C('l : | C2t)”1

= Z |bot—1(01:2¢-2,@1:2¢-2, 0N, 2¢-1)(520-1)P24-1(0_N,2¢-1152¢-1, 0N 2¢-1)

S2t-1,0_N,2¢-1
_, _ _ _ B _ 3 _
—by 1(02¢-1:20-2,A2¢-1-1:2¢-2 ON,2t-1 )(52¢-1)P2e1 (O—N,Zt—l 15241, ON,2t-1 )|
_ _ _ _ _, _ _ _
<|Ib2s-1(01:2¢2,@1:2¢-25 0N,2t—1)— by 1(02¢-1:2¢-2, G2t 1-1:2¢-25 0N,2t—1)||1-

|5|)

If we choose L > Cy~*log( then we have that for any h € [H]

D, _ —
E P~ (-, 18) =B, (- el < e.

a1:5-1,01:n~81.H

* Based on Lemma M satisfies Assumption since: Turn-based structures in is
satisfied if the additional condition[1]) in §A|holds; Factorized structures in §G-B|is satisfied if
the additional condition [2) in §A|holds; Nested private information in §G-B|is satisfied if the
additional condition [3) in §AJholds.

Therefore, based on Lemma such a model is an (e,,€,)-expected-approximate common
information model with €, = €, = € and satisfies Assumption[[V.7}

Type 2: Baseline sharing of £ is Example 3 in Then, common information should be
that for any ¢ € [H],Cy 1 = {01:2¢-2,81:20-2,01,20-11Cor = {01:2¢-2,81:20-1,0n,20-1LN € [n],1 € N.
Here N is the same as defined in Type 1, but it must satisfy that 1 € N. Similarly as
Type 1, we construct Cy; 1 = {02t-1.2¢-2,@2¢-1-1:2¢-2,01,26-11C2¢ = {024-1:2¢-2,82¢-1-1:2¢-1,ON 261}
and approximate common information conditioned belief as Pé\ffl(EQt_l,;_JZt_l [Ci21) =

Me= = =
b2t 1(02-1:20-2, A2 1-1:20-2,01,26-1) (526-1)P24-1 (0-1,2¢-1 [524-1,01,26-1), P57 (521, Py [€2t) =

by 1 (s Lot 282¢-1-1:2¢-2,ON,26-1)(526-1) P21 (0-N, 201 524 1:0N 2r-1).  After that, we can con-
struct {]P’h }he[ﬁ]’{Rh}he[ﬁ] based on D) and the beliefs {IP’h }he[ﬁ]' Now, we need to verify
Definition [C.6]is satisfied.

e The {E\h}he[ﬁ] satisfies Equation ( , since for any h € [H], ¢j,;1 C¢, Uz,

* Note that for any ¢,;_; and the corresponding ¢;;_; constructed above, according to Lemma
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C.14, we have:

D, _ M, —~
P51 (o 12em1) = Por 5 (- (el

= Z [b2r—1(01:20-2,@1:2¢-1,01,20-1)(526-1)P2¢-1(0_1,2¢-1|52¢-1,01,2¢-1)

S21-1,0_1,2¢-1
_, _ _ _ 3 _ 3 _
—bys 1(02¢-1:20-2, 82— 1-1:2t-25 01,2t—1)(52t—1 )Py (0—1,2t—1 15241, 01,2¢-1 )

_ _ _ _ _, _ _ _
<|lbo—1(01:2¢-2,@1:2¢-1, 01,2t—1) —by1(024-1:20-2, 24— 1-1:2¢-2 01,2¢-1 -

For any ¢,; and the corresponding ¢;; constructed above, according to Lemma we have:

D, _ M, —~
||P2t£(" : | CZt) - Pzt c(‘} : | CZt)”l

= Z |bot—1(01:2¢-2,@1:2¢-2, 0N, 2¢-1)(520-1)P24-1(0_N,2¢-1152¢-1, 0N 2¢-1)

S2t-1,0_N,2t-1
_, _ _ _ B _ 3 _
—by 1(02¢-1:20-2,2¢-1-1:2¢-2 ON,2t-1 )(Szt—l)Pzt—l(O—N,zt—l 15241, ON,2t-1 )|

_ _ _ _ _, _ _ _
<|Ibs-1(01:2¢—2,@1:2¢-25 0N,2t—1)— by 1(02¢-1:2¢-2,G2¢-1-1:2¢-25 0N,2t—1)||1-

If we choose L > Cy~*log( |‘S|) then from Lemma [C.15|we have, for any h € [H]

D’ _ M, —
E P, = Coel2n) =B [apll < e

@1:1-1,01:0~8 1. H
* Based on Lemma|G.2] M satisfies Assumption since the condition Turn-based structures
in §G-B|is satisfied.

Therefore, based on Lemma such a model is an (e,,€,)-expected-approximate common
information model with €, = €, = € and satisfies Assumption

Type 3: Baseline sharing of £ is one of Examples 2 and 7 in Then, the common informa-

tion should be that, for any h € [H],c, = {01:h—2d151,1:h—1x{5—1,2t—1}£2;51,h—2d+1:hr5M}: where M C
{01 <i<mnh-2d+1<t<h}, oy ={o](i,t) € M}, and -1 index means all the agents ex-
pect agent 1. The corresponding private information is defined as p;, = {0;|1 <i < n,h—-2d <
t < h,(i,t) € M}. Actually, o), is the observation shared by the additional sharing in £. Denote

h-2d 2d h
_ b . _
fen-2a = {0vn-2a, @1, 1:0-2d-1, {01,001}V fa = al,h—2d:h—1;{a—l,zt—l}t_LwJH};fo = {01,n-2d+1:1, OM},
L2
we can then compute the common-information-based belief as

PP
Gy len) = ZP (Sh P |5h-2d> far fo )P Sh 2d | frn—2d> far fo)

Sh-2d

D% 5
e B Gz for ol fon2d)
= L FL P s o o

Sh-2d ZEL_M Sh zd'falfo |frh 24)

o — D
Denote the probability Py(f,|Sp—2d:fa) = T2\ P} (01 ho2dsts OM, oy, |Sho2ds A1 h-2d:h-24+¢), Where
My_240: = (G, h=2d +t)|(i,h—2d + t) € M} denotes the set of observations at timestep h — 2d + ¢
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and shared through additional sharing. With such notation, we have

D’ b1 24(011-24- A1h-2d-1)(Sh_24) (f I5h-24, fa)
(Sp— 2d|f%h 2d;f;;f; = -

X5, b1 2401124 81:h-24-1)Sh_20)Pu(fo 5,00 f2)

Py(-|-fo ;
=FBC L) (b 0401020, B1n-24-1)3 o) Sne2a),

where FR(I2f)(; £) 1 A(S) — A(S) is the posterior belief update function. The formal definition is
shown in [14, Lemma 12].
Then, we can define the approximate common information as ¢, := {0,_24-1.+1:1-24,01,h-2d+1:h»

I
1 h-2d—L:h-1s {E_LZt_l}&fih,ZMJ,BM} and the corresponding approximate common information condi-
- 2

tioned belief as

M= — =~ Dp— — = A AV — — -
Py (5 Py ) = Z]P)h[(Sh;ph|5h—2dlfalfo)FPh( (B2 (On-2d- 110240 Bh-2d-Lh-2d-1); fo) Gh_2a)-

Sh-2d

After that, we can construct {]P’M }he[H]'{Rh}he[ ] based on D, and the beliefs {IP’ }he[ﬁ]- Now we
verify that Definition [C.6]is satisfied .

* Obviously, the {’C\h}he[ﬁ] satisfies Equation 1)
* For any ¢;, and the corresponding ¢;, constructed above, according to Lemma we have:

D’ _ —
P, 2 (-, 1E) = B0 (- [E)ll

ol 7 — — ol _, — —
< NP1 (B, (01:h-2, Brspozd1 )3 fo) = FEC 5 (B0 g (O na—1 102> Bned-1:h-2d-1); fo)ll1-

&l

If we choose L > Cy~* log(| ), then for any strategy g,.77, by taking expectations over
fen-2drfar fo, from Lemma and Lemma 12 in [14], we have, for any h € [H]

D, _ M, —
Bz, s oz, P (o 10) = B2 ([l <e.

* Based on Lemma M satisfies Assumption since the condition Nested private infor-
mation in §G-B]is satisfied.

Therefore, based on Lemma such a model is an (€,,€,)-expected-approximate common
information model with €, = €, = € and satisfies Assumption

Type 4: Baseline sharing of £ is Example 4 in Then, for any h € [H], the common information
i
should be G, := {81_s4, (@211 }:21, 00}, where M C {(i, £)|i € [n],h—2d+1 < t < h). Then, still we denote
I
fen—2d =1{01:n-24, {EZt,l}&ii 1 fo = {op}. We can compute the common-information-based belief as
D, _ D, _ _ D, _
P, “ (s, Py lcn) = Z P~ i P ISh=2ds fo)P), “ Sp—2a | fe,n-24- fo)
Sp-2d
P G aarfol
D. _ _ _ h—2d» h— Zd
= thﬁ(ShJPMSh_zd,fo) : = =

Sh-24 EZEAJd Sh 2dszlf%h 2d)
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Denote the probability P,(f,|5,_24) := thfl}?f‘ (01, h—2d+t:OM,_,,,, |Sn—24), where My_o;,¢ C{(i,h—2d +
t)|(i,h—2d + t) € M} denotes the set of observations at timestep h —2d + t and shared through addi-
tional sharing. Since the actions do not influence underlying states, here we use the belief notation
bi(01.4), b (0k_r4), Vk € [H], L < k. With such notation, we have

’

D, _ by_o4(0 g 3 o
PP posa | fozds fo) == 2d(01:1-24)(Sh-24)P fo| h2d)  _ ppl )

by-24(01:h-24); fo)(Sn—24),
Xy, by24(01:1-2a) 500 Ph( fo |5 _04)

where FECI)(; £)) : — A(S) is the posterior belief update function, the same as discussed in
Type 3.

Then, we define the approximate common information as ¢j, := {0y_4_1+1., 0p} and corresponding
approximate common information conditioned belief as

BN Bl T = Y By G P52 )PP (Bl @hod-re1ih24); fo) Gioa):

Sh-2d

Furthermore, we can construct {Pﬁ/l'z}he[ﬁ],{ﬁh}he[ﬁ] based on D) and the beliefs {Pf’c}he[ﬁ]. Now
we verify that Definition is satisfied.

* Obviously, the {c;} ¢ satisfies Equation 1)

* For any ¢j, and corresponding ¢j, constructed above, according to Lemma we have:

D _
P, (- ) = B (o[G0l
<NEP N By _24(01:0-24); fo) = FP 1 (B 0d (On_2d—1+1:0-24); fi)ll1-

If we choose L > Cy~*log( |Sl) then for any strategy g,.77, by taking expectations over f y_»4, fo,

from Lemma and Lemma 12 in [14], we have, for any h € [H]

M, —
@1:5-1,01: ,,~g1H||]P) ( “|<h) _Ph C(':'|Ch)”1 <e.
* Based on Lemma M satisfies Assumption since the condition of Turn-based struc-
tures in §G-B]is satisfied.

Therefore, based on Lemma such a model is an (e,,€;)-expected-approximate common
information model with €, = €, = € and satisfies Assumption [[V.7]

Type 5: Baseline sharing of £ is Example 6. Note that after reformulation, expansion, and
refinement, the common information in Example 6 is the same as that in Example 1. The
only difference is in the private information part: for any t € [H - 1], i € [n], a;5 € P; 544
always hold, and a,,; € p;,;,, may happen. Meanwhile, a;5; € Cy1,; C o441 always holds.
Therefore, we can use the same expected approximate common information model as Type
1 as: YVt € [H] 1 = {02t-12-2,82-1-1:20-21Cor = {021-1:20-2,82¢-1-1:20-1,0N,26-1}.  We con-
struct the approximate common information conditioned belief as Pé\ffl(EZt_l,ﬁ%I [C3,1) =
bZt 10— 1-1:20-2 Boe-1-1:20-2) 20102021 (021 2121 Wy y (Bos—1,Carm1), Py (Bt Py | Br) =
b1 (020 1-1:20-2 Bas-1-1:20-20ON,26-1) G2 P2r-1 (0,261 [S21-1,0N,20-1)Way (P C2r). - The functions
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{\Phl}he[ﬁ] are defined as: Yt € [H],Yp,,_;,C2t_1,P,; and Cyy,

1 the value of @y;_; in p,,_; is the same as the value of that incy; 4

‘yzlt—l (1_72;571'/5%—1) = {
0 o.w.

1 for any i € [n] such that random variable a; 5;_, € p,,,
\Ilet(ﬁy,’c\zt) = the value of a; 5;_, in p,, is the same as that in ¢y,

0 ow.

One can verify that Deﬁnitionis satisfied as in Type 1. This is because, for any h € [H], compared
to Type 1, the only difference is that there are only some actions in p;, and such actions will also
appear in ¢j,. Therefore, if the value of such actions in pj, is consistent with that in cj, which is
ensured by the functions {‘I’h1 Vnerrr) then we can leverage the validation in Type 1.

Type 6: Baseline sharing of £ is Example 8. Note that after reformulation, expansion, and re-
finement, the common information in Example 8 is the same as that in Example 2. The only
difference is in the private information part: for any t € [H —1],a;,5; € p; 5;,; always holds, and
air € P1oso may happen. Meanwhile, a5 € ;41 C €441 always holds. Therefore, we can
use the same expected approximate common information model as Type 3 as: Vh € [H], G, :=

_ _ _ _ 4] _ .
{Oh—2d—L+1:h-2d5 01 h—2d+1:h A1 h—2d-L:h—1» {a—l,Zt—l}t_Lh-2d+1J’OM}) and construct beliefs as
- 2

o D Ty _ _ _
Py (51, Py 1) = th E G Py I3h2ds for fo)EP I (b0 (O 2a- o2 Ane2d-Lih-2d-15 ) fo) Gh2a) U2 (B, i),

Sh-2d

where the functions {\I’h2}heﬁ are defined as: Yt € [H],Yp,,, and ¢},

1 the value of @y 5;_; in p,,_; is the same as the value of that incy;_,

\y21t—1(?2t—1'?2t—1) = {
0 ow.

1 random variable @, 5;_, € p,, or the value of 4; 5;_, in p,, is the same as that in 3,

\yzlt(ﬁztlat) = {
0 ow.

One can verify that Deﬁnitionis satisfied as in Type 3. This is because, for any h € [H], compared
to Type 3, the only difference is that there are only some actions of agent 1 in p,, but such actions
will also appear inc,. Therefore, if the value of such actions in p, is consistent with that in ¢, which
is ensured by the functions {‘I’f}he[ﬁ], then we can leverage the validation in Type 3.

Lastly, we can apply the result of Part IT and obtain the time complexity as follows and complete
Part III.

* Examples 1, 3, 5, 6: Since the compressed common information satisfies max, z|Cyl

max,, 7 (104l AL 7 *108(2), the complexity is poly(max, (04l ALY 1080, 1S, H, L) ;

* Examples 2, 4, 7, 8: Since the compressed common information satisfies max, g |5h| =
= ~4100( 8l L — — 47181 R
maxheﬁ(lohllAhl)CV log(7)+2d the complexity is poly(maxheﬁ(l(’)hllAhl)CV log(°s )+2d,|8|,H, %)

Combining Parts I, II, III, we complete the proof. O
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C-I Main Results for Learning in QC LTCs

Theorem C.16 (Full version of Theorem [[V.9). Given any QC LTC problem £ satisfying Assump-
tions [[TI.1}, [TIT.4} [ITI.5} and |[II.7, we can construct a Dec-POMDP problem D} with SI-CIBs. More-

over, given any compression functions {Compress,, };¢[f}, evolution rules {ah}he[ﬁ] of the compressed

common information {c;, € Eh}he[ﬁ]) e€(0,1),5€ (0,1), and L as defined in Definition [C.10, we can

apply Algorithm [2| with a universal constant C as chosen in [14, Theorem 8]. If the learned
l:H,j)

K = 2H|S| expected-approximate-common-information models {/\’/T(g }ielk) all satisfy Assump-
tion then an €g-team-optimal strategy for £ can be learned with probability 1 — 6, with time
and sample complexities polynomial in the parameters of {J\//T(gl:H’j)}je[K], where € is defined as

= Tr—1Hi\ 7 — 1 6e
€p:=min He, (M(g\HJ rH e M@ iy ¢ — 2
o= min Fle (Mg 70+ Fe. (Vg )+ S

Specifically, if £ has a baseline sharing protocol as one of the examples in §A] then given any
€ (0,1),6 € (0,1), we can construct compression functions {Compress;};¢[7] and evolution rules

{ah}he[ﬁ]» such that Algorithm |2 can learn an e-team optimal strategy of £ with probability 1 -0,
with the following time and sample complexities:

S

* Examples 1,3, 5, 6: poly (max,ci7((0; 1 4;) 5%, 15, H, L log(}) )

e Examples 2, 4,7, 8: poly (maxheﬁ(lahﬂjhl)cflIOg(g)+2d, |S|,H, %, log(%)).

Proof. We divide the proof into the following three Parts.

Part I: Given any LTC problem L satisfying the assumptions in the theorem, we can construct
a D, by the reformulation, strict expansion, and rEfinement of £. According to Theorem we
know that D/, has SI-CIBs w.r.t. the strategy space G, ..

Part IT: Given any LTC problem £, we can apply Algorithm 2]for learning in such a problem. For
any j € [K], let §]1 *ﬁ be the output of Algorithmﬁ’(

Line [11|of Algorithm , we can guarantee that
—],* — — - _1-H.1 —2 ~——1:H.i . - .
Ip,(@5) 2 max; e Jp,(81.7) - He, (M(357)) + H e,(M(gVH7)). Meanwhile, let j be the index

of the strategy selected by Algorithm Pos-Dec (Line , ie., gfl*ﬁ is the output of Pos-Dec. Then, we
can adapt [14, Lemma 20] to the team setting and guarantee that

/'\x- i % 66
max Jp (§,.7)~Jp.(8 =) < min( max Jp (3,5) - Jp’ @f'.)) —
gl:ﬁegl:ﬁ £ 1 H £ 1H ]E[K gl:ﬁegl:ﬁ ‘ 1 H ‘ 1H 2OO(H + 1)2

with probability 1-093 2 1-6. Therefore, we can guarantee that maxg _ g Ip, (glzﬁ)_]D'ﬂ (?*ﬁ) <e€g
with probability 1 — 6. Also, together with Proposition and Theorem with prob-
ability 1 — 6, we conclude that the output of Algorithm 2| is an ey-team-optimal strategy
of £. Meanwhile, we analyze the sample and time complexities of Algorithm For Al-
gorithm BaSeCAMP (Line [8), from [14, Lemma 19], it has time and sample complexities
(maxhe[ﬁ] |(_9h||.,4_h|)zlog(b%); for Algorithm LEE (Line , it has sample complexity HN, and
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time complexity poly(maxheﬁ|Ch|,maxh€ﬁ|5h|,maxheﬁI5h|,maxheﬁIThLmaxheﬁlghLmaxheﬁ|71h|);
for Arithm Pos-Dec (Line [13), it has sample and time complexities KN,; for Algorithm [6]

(Line [11)), as long as the models {./\//T(§1:H'j)}je[K] satisfy Assumption [[V.7} it has time complexity

MaX;(q) |5h| . poly(lgl,maxhe[ﬁ] |.7lh|,maxhe[ﬁ] |Py|, H). Therefore, Algorithmhas time and sample

complexities polynomial in the parameter of {M( LH, ])}]6

Part III: If the baseline sharing of £ is one of the examples in §A] we can construct the compressed
log(ﬁ|$|maxhe[m |Oul/(ey)
4
Y
* Examples 1, 5, 6: For any t € [H]/,\ Con1 = A0241:20-2,02i-1-1:2t-2},Cop =
{02t-1:2¢-2,82¢-1-1:2¢-2,0N,2¢-1} with N C [n]. Here L = L.

as follows.

common information with length L > 2C

* Example 3: For any t € [H|Cy1 = {012-12t-2,820-1-126-2,01,2-11Cor =
{52t—L:2t—21E2t—L—l:2t—116N,2t—1} with N C [Tl] and 1 € N. Here L = L.

—_— _ _ _ _ LBJ _
* Examples 2,7, 8: Forany h € [H], ¢}, := {0p_24—1+1:h-2d> 01 h—2d+1:h @1, h—2d-L:h—1, (81,24~ 1}t2Lh 2d+1Jl0M}

with M C{(i,t)|1 <i<nh-2d+1<t<h}, and recall that 0y = {o; ;|(i,t) € M}. Here L =L+2d.

—_—— = — L5l
* Example 4: For any h € [H], <, := {051 2a41:n-24, (@24 1}t2Lh 2d+1J

n,h—2d +1 <t <h}, and recall that o) = {0, ;|(i, 1) € M}. Here L=L+2d.

,om) with M C {(i,1)|1 < i <

The compression functions {Compressh}he[ﬁ] and evolution rules { (Ph}he[ﬁ] of the compressed com-
mon information can be constructed correspondingly.

According to Theorems 8 in [14], for any j € [K], Algorithm LEE (Line [10|of Algorithm [2)) can
lzﬁ,j)

guarantee that the output J\//T(g has an approximation error as

ME o)) < He (Mg ) + B ex (V@ T9)) e (C21)

— = S.2D; 0=
BimeGimlVo " 0=V
with probability 1 —9;, with

max;, i | A, |2 maxheH |(’)h|

eapx = 0, + 2max|A;|max |Ph|— + max |Ah|max [Pl +
heH heH C heH heH fP

D,
(o

_h,]
+max max 1[h>T]-2- dSh - ¢,h—f(g ),

he[H13€G .z

where for any § € G, 77, h € [H], we define dih‘( ) = IP’g ‘(sh =5), for any set X C S, ng,( X) =

Y sex d?f,‘ (5),6{5;‘1@) ={5eS| dg ‘( ) < ¢}. Note that M here is the expected approximate common-

l.H,])

information model with components {Ch}heﬁ’{th}he[ﬁ]'r' and Yj € [K ],/\/l(g are as defined in

Definition Under the parameters specified in Line[6|of Algorithm [2} we have

gD

Dy
S, h_f(u

on @)

eflpx <4e, + max max 1[h>T]-2-d
he[H]3eG, 7

Meanwhile, we can prove the following lemma.

Lemma C.17. Given any L > 0, and parameters K, a, §,€;, Ny, Ny, 0, S specified in Algorithm I and
let {g! H j /}iex) be the output of the algorithm BaSeCAMP(L, Ny, Ny, a, B, K) (Lmem Algonthm'
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As long as L > CM

then with probability at least 1 —6,, there exists at least one j* € [K] such that for any strategy
g1a€GmhelHLNC[n]

, where C is a large enough constant as chosen in [14, Theorem 8],

= =g _ _ - gD, ,Dr  =hj
Eg allbn(@1n @1n1) = by (0} Ty @ )b <€ +1[h>L]-6-d " L(U(i) (&)

= = — — — - gD, D,
Eil;ﬁ”bh(olihfl'“l:hfl) =by (0, Ty1h-1 At <€r+1[h>L]-6-d] (U

7h,j* _h]
Sh-L (ph—f(g ))

7h,j*

_ _ _ g _ _ _ - D, D i
E§1 ﬁ”bh(olzh—llal:h—lfoN,h) - bh (Oh_f+];h_1’ah_f;h_llON,hHI <€+ ]l[h > L] dS he L(U¢’Z_f(gh’] ))x
gD’ Dr  —hj
—7 D,
where b3 (1) :=b, " “(, di hﬁL) nd b;""% is defined as follows: VD € A(S),N C [n]
—apx,D;. _ _ _ _
by, " O 1w G- D) = PGh =15, 7~ D)0y o1 8y Tipy)

—apr = = - -

by " (0 o1 @ T D) =PGh =15, 1 ~ D, 0y 7,100 Top)

—apx,D;. _ _ _ — —

b, ("h Tote A T ONw D) = P(Sp =[5, 7 ~ D, 0y, 7, 1.4 @y T ON, -

Proof. We can adapt Corollary 4 in [14]. Note that D} only has y-observability at odd steps h =
P Y y V- y P

2t—1,t € [H]. However, for such h = 2t-1, Sha1 = Sh and 0,1 =0 always hold. Therefore, it holds that
h

=g
b1 (11, @1) = bi(01: @1p-1) and bh+1(0h Tither @ Tn) = Uy (04 To100 @ Ty ), @nd similarly
for the other two types of beliefs. We can thus adapt the corollary. O

Therefore, based on Lemma|C.17|, we have maxg g Ip,. (81.7) -Jp,. (gjl%) < 2(ﬁer(M(§1:H,j*)) s

ﬁzez(ﬂ(gllﬁ'j*)) + Wim)' where j* is the j selected in Lemma |C.17, and gjl% is the strategy
computed in the j*-th iteration of Line [IT]of Algorithm

Now, we discuss example by example how to validate that under the compressed common infor-
mation, er(/\’Z@l:H’j*)) and ez(ﬂ(glﬂ’j*)) in Equation can be made small. Since after reformu-
lation, expansion, and refinement, Examples 1 and 5 are the same, and Examples 2 and 7 are the
same. Also, from Lemma for any h € [H], we have

) o _ A_A’;l’—lzﬁ,j* - D’ _ ./\7 :H,j e
IEPE (RS @ B [0 7] - R @Gyl < L (12— BE @
]P)/F\/l"(gl:ﬁ,j*

M(gl:ﬁ,j C

DL Z, D,
1P, “ -1k 1) = )z(‘|Chr7/h)”1§||Phﬁ('r‘|ch)_]P)h (el

Therefore, all the examples in §A]can be classified into the following 6 Types.

Type 1: The baseline sharing is either Example 1 or Example 5. Consider any h € [H]. If h = 2t—1,t €
[H], it holds that

M(glzﬁ,]’*)’c_ o _gh:]'* _ _ =
P, (S pylen) = by, (Oh_’f+1;h_1:ah_’f;h_l)(sh)@h(oh|5h)x

’

D= o
P, “ (5, Py, [cn) = bi(01:5-1,@1:5-1) (51)Op (0 | 57)-
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Then, we have

D' o Aﬂglzﬁ,j*) .
7m,aX Egl ol 1~§|E L[Rh<5hl ah;ph) | Chy Vh] _Rh (Ch’ yh)l
gegl:ﬁ
D, —ghi" _ _
< max Eg° o 1~g”bh(01 h-181:0-1) = by (0 Tor1 @ tn_)l < 7€1
gegl:ﬁ
D/L D’ T/=1:H,

- M)z,
Similarly, MaXgcg 51;;,,51;;1715”&])11[('|Ch’7/h) -, ® )Z(.|ch, Yilli £ 7€y.
Ifh=2tte [H then it holds that,

M(glzﬁ,j*)lc_ o *hJ
P, Swpplen) = bh 10 Ti1:he2r @ Tone2r ON 1) (S1) P21 (0_N 261 [524-1, 0N, 2¢-1)

,

D = _ _ _ _ -
Py~ (5P| €h) = bro1(01:8-2, @1:1—2, ON,1—1) (51) P21 (0-N, 20-1 |52¢-1, 0N 26-1)-

Note that N C [n] can be inferred by aj_;, which lies in ¢j, and ¢j. Then, we have

D’ o _ ,\M(fle,j*) -
max By o AEPE[Ry (5 an ) 1S vl - Ry @ )
8€G.1.m
D] _ _ _ =g
< I?gax Eolﬁh DAL 2~g”bh—1(Olzh—2;a1:h—210N,h—l) bh 1(0h L+1:h— ztah T:h— zloNh 1)”1 <7e.
8€Y1LH

.. D, — gty g
Similarly, maxe o 7E01h’u1h 1~g||IP’ ( 1Ch V) — P, g )Z(‘|Ch;7/h)||1 <7e,.

Type 2: The baseline sharing is Example 3. For any h € [H], if h = 2t —1,t € [H],

Mg i e o =~ _ 78"

P, “SwPplcn) = by (0, 110 @p-Ton-1-01,0) Sn)P2r-1(0-1,2¢ 5261, 01,26-1)

,

D= _ o _ _
P, “ (5, Py [€h) = bi(01:5-1,81:8-1,01,1) (51) P21 (0-1,2¢ 1524-1,01,2¢-1)-

Then, we have

D, Mg Ty

max B o IEPE[Ry(S), @, Py) 16 va] — R, (s yml

gegl:ﬁ
D) =g _ _ _

< max Eolﬂh A 1,\,g”bh(ol h—101:h- 1101 h) bh (Oh_f+1;h_1lah_f;h_1!lOl,h)”l <7e.
2G,m
D D, _ M"Yz,
Similarly, maxeg 511;:;1,51;;,71:”&])/1 “Clen yn) -, Clew vl < 7€q.

If h=2tte [H then it holds that,

A’Z(gl:ﬁ,j*)lc_ o hJ _ _
A (51 P 1Gh) = b 10 Ti1:he2r @ Tone2r ON 1) (S1) P21 (0_N 261 [524-1, 0N, 2¢-1)

,

Do = _ _ _ _ -
P, “ (51 Pyl ) = bro1(01:0-2, @1:1—2, ONj=1) (50) P21 (0-N 261 152621, 0N 20-1)-

P
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Note that it holds that 1 € N, and N can be inferred by a,_;, which lies in c;, and ¢j,. Then, we have

/ Pyt

D Dl (< = =\ M@ )
max Eg° o EPE[RyGu @ Py IS val =Ry, (@ )
gegl:ﬁ ’ ’
’ _ _—=hj*
< lélgax B 7 a1 (012, @12, 0N im1) = by (0 _Fayp—0r By Toppr ON 1)l < 7€
8€Y1.H

. D, D, gz,
Similarly, Maxe g HEolzh’El;hfl"‘g”]P)h (-1Shyn) - P, CIch vu)lh < 7€;.

Type 3: The baseline sharing is either Example 2 or Example 7. For any h € [H],

D D L~ _ _
P, “ (5, Py lcn) = Z]P)hﬂ(shrph|5h—2d'fa'fo)FPh( ) (81,20 (012 Ath-2d1 )3 fo) G2,

Sh-24
Pﬂglzﬁ,j*)’c _ | ]P) | FPh | fg) b H,j* (
P (Sn—a2dlch) = Sn Dy lSn-24> far fo) (bh—2d (04 T4 1.h-20> On—Ton-2d-1) Jo)(Sn-2a),
Sh-2d
|_h ZdJ _ _ %
where  fipoa = {Ovn—2a,811m-24-110-120-1}=7 b fa = {al,h—Zd:h—lf{a—1,2t—1}t_thfdeJ};fo
- 2
{Ellh,zdﬂzh,EM},FPh('|"ﬁ1 (; o) : A(S) — A(S) is the posterior belief update function (as introduced in

Type 3 part in the proof Theorem |C.11). Then, we have

D < V)
max By o AEPE[Ry (S, @ Py) [ va] - (€ vm)l
8911
< max Eolhalh gl ZIF’ (5 P Sh-2as for S FPH VI (b2 (01020, @1n-2a-1); )
%Gin Sp0d
s 5| ACAGE T 5 . . \(z
=) B GuPulSi2ar fur ) F T B g (0, T2 B To-2a1):fo) G2l
Sh-2d
D, =g _
nggx Eolhalh 1~g|| =24 (01124, @1:n-1-2d) = Uy 24004 T 1:no2ar Fn-Ten—na—)lll < 7€1.
8€Y1H

Similarl E’: PP |z PME
imilarly, maxez Bz ° 2 2P, “(:[p y0) =P, (1h vl < 7eq.

Type 4: The baseline sharing is Example 4. For any h € [H],

’

D, _
P, “(5p-2a lcp) = ZP Gh Py l3n-2ar fo) FP D (b1, 24 (01120 Brn24-1) o) Gi2a),

Sp-2d
ME e . D 1y g8 3
P GG = ZPhL(Sh;ph“hfzdrfo)th( DB}y (3, Teth-2d’ Op-Th-2d-1) Jo) Gh-24),
Sp-2d
h
where f,  2q = {51:}1—2df{52t—1}£ijl Lf, = (om) FRCDG ) - ) — A(S) is the posterior belief update

function (as introduced in Type 4 part in the proof Theorem C.11))). Recall that M C{(i,t)|i € [n],h—
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2d +1 <t < h}. Then, we have

D _ — gl:H,j*) e
Tnax Ep’ 2 g EPE[RuGhan ) [ yi] - R, (i vl
8€Y1.H
D/
<maxE "ol ZP S PulSh-2ds far S PV (B1 24 (0120, Trn2a1)3 fo)
89, Sh-2d
Z]P’ (51 P Sh_2as for fo) ETHC bh 2d(0h Tot:h—2d" n-Tene2d-1 )3 o) Bn=2a)ll1
Sh-2d

_ghi*
g _ _
< max Ept oz =241 20 Grn-1-20) = Un24 (O Ty 2 B Tn2a—1 I < 7€1.
8€Y1H

D, D’ _ MEHT )z,
Similarly, maxg g HEolhalh 1~g” W Clen yn) -, Clcn vl < 7€;.

Type 5: The baseline sharing is Example 6. Consider any h € [H]. If h = 2t —1,t € [H], it holds that

Mg e o — = 787 _ T T P,

Ph (Shrph|ch) =b), (Oh_f+1-h_1lah_f-h_l)(sh)@h(oh|Sh)\ll2t—l(p2t—1'62tfl)l
D, _ _ _

P, “ (51, Py 1Th) = bu(010-1, 81.0-1) (1) On (04 |57) Wy (Pas_15 Car1 )

if h = 2t,t € [H], then it holds that for any t € [H],

M(ghHi"),c =g _ — — - — _ — 1/~ —
P, S Pplcn) = U1 (04 Ty 1h-2 @ T2 ONi-1) Sn) P21 (0-N 201 52021, 0N,20-1) Way (P2, C2t)

D, _ _ . _ —_ _ _ _ _ _ _ D, _ _ _ - —
P, “ (5 P h) = byt (01120 @1n2, 0N m1) (S1)P2s-1 (0-N,26-1 15261, 00, 26-1)- By, “ (51 By 1 €) Wa (P Cat)s
where recalling {\, }he[ 7 1s defined in the Type 5 part in the proof of Theorem and we can

extend it as \Ifh (P, cn) by replacing ¢, by ¢, Vh € [H]. Then, similar to Type 1, we can verify that for
any h € [H]

D, _ Mgy
max B ” o IEPE[Ry (S an ) e yn] - Ry @yn)l < 7€
gegl:H
D, _ MEH)z,
max By BT ) B A g, il < 76
g€ 1:H

Type 6: The baseline sharing is Example 8. For any h € [H],

1)’ D.._ _  _ .. - _ _ _ — —
Ph (Snh—2d | fr.h-2d: far fo) = ZPhﬁ(Sh,Ph|Sh—2d:fa:fo)FPh(l’f“)(bh—zd(ol:h—m:al:h—zd—l)Zfo)(sh—Zd)th(Ph;Ch):
Spn-2d
M*l:ﬁ,]* C
P, ® )C(Sh—zdlfr,h—zdrfwfo)

D5 5 I3 BCLAGE 5 Z S P25 T
= th S P lSn=2ds far ) E (b 2404 1 he2dr n—Ton—2d—1) fo) Sh=2a) ¥}, (P Ch)s

Sp-24

where f,, fo, fr.n-24 FRi(1-fa) are defined in the same as Type 3, and we can extend the definition of
{\I’h }herm) 1n the Type 6 part of the proof of Theorem C.11} by replacing ¢, by ¢, as input, Yh € [H].
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Then, similar to Type 3, we can verify that for any h € [H]

D, _ ST
max E ;- _|EPe[Ry, (34,1 By IS vu) - R), (Chynl < 7€
geg 1:h41:h-1~8

1:H

D/ D/ _ Mfle,J , -
max Bz 2 P C1h v - P, G,y < e
gegl:ﬁ . ’
To guarantee that the learned expected-approximate-common-information models
{/\’/T(gliH'f)}je[K] satisfy Assumption [[V.7, we need to instantiate [14, Algorithm 5] (Line of
Algorithm |2) as follows:

 If £ has a baseline sharing protocol as one of Examples 1, 5, 6 with the additional condition
[2), then we replace the Equation (B.1) of [14} Algorithm 5] by: for any i € [n]

)’ _ - _ _ _ _ _ M( 1:H _ -
(zi,h+1 [Cin Vi) < Z]l[zi,hﬂ = Xi,h+1(P1',h»7/i,hr0i,h+1 = @)]Ph g )(Pi,h|ci,h)»
Pin

ifh=2t-1, IP’M g

A /\//T( I:H)’ _ - _ _ _ _ _ M( I:H) _ -
if h=2t, 2% (2 e 5o Vi) — Z 1Zi o1 = Xipet Pi o G 01 ne )PPy Ci)

Pi %10 n1

_ _ M 1:H _ - _ _
Vin(@inlp; )P, @ )(Oi,h+1 i i @i 1)
(C.22)
and replace Equation (B.2) of [14, Algorithm 5] by: for any i € [n]

. AM\ 1:H - AM\ 1:H - _
ith=2t-1, R G yin) ZIP’ G R G B vin)

A'A//T( :7 plh M lH l:ﬁ) (C23)
if h=2t,R;," Cl Vi) Z P, Pl nlc, h) (Cio Py @in) Vi (@i | D3 )

pl h alh

where {; h}he[ 7 can be constructed based on {x; t}ie[q] and {¢; +}1¢[x) similarly as the proof of
Theorem V.6t

YDin-1 € Pip-1,8in-1 € Ajp-1,0i,n € Oy, if his even, then X (P 1, @i n-1,0i1) = P 1 (Pi 1 Fih-1)
e = (= - - = = — 1,2

if his even, then X; 1(P; j_1, @i n-1,0i1) = Xi'h%l(pi’h_lyai,h_poz‘,h) Up; ,\0; ), where

pl-l,h ={a; -1 IYo(Tip—1) € 0(cy),a; -1 influences ?h}\)(i,'%l(I_Ji,h_pai,h—lrai,h) if h > 1, otherwise 0.

2 — — — — . ~ — — —
Oy = {ﬂi,ho |Vho <h-— 1,U(ai,h0) Co(Ch_q) i by influences sh0+1} N Xi,’HTl(Pi,hfpai,h—l’Oi,h)-

* If £ has a baseline sharing protocol as one of Examples 2, 4, 7, 8 or one of Examples 1, 5, 6
with additional condition [I), then we replace Equation (B.1) of [14, Algorithm 5] by:

if h =2t -1, we do not make any change,

. ./T/l\(le,_ . _ _ _ _ _ Ml,H)_A
if h=2t,P,"¢ (2 [Chy Ver(nyn) < Z UzZpi1 = X1 (Pi pr Get(ny, b One1) 1P, s (Py,cn)
P ct (), hrOn+1
_ _ /T/l\(glzﬁ) _ o
Vet h@ct(ny,n | PP, (On+1 [ Py Ger(ny i)
(C.24)
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and replace Equation (B.2) of [14] Algorithm 5] by:

if h=2t—-1, we do not make any change

. —M(g g H) gy o
ifh=2t, Ri,h( (€ in) Z P’ Ph|Ch) @GP vin@alpy).  (©)
pzh

* If £ has a baseline sharing protocol as Example 3 or one of Examples 1, 5 with additional
condition[3)), then we do not make any change.

Then, the M = {/\/l(g1 H])} learned in Line of Algorithm I satlsﬁes that: for any j € [K],

/\//T(gLH'j ) satisfies the Factorized structures condition in 1f the baseline sharing protocol of £
is one of Examples 1, 5, 6 with additional condition ; /\,/T(gle'j) satisfies the Turn-based structures
condition in if the baseline sharing protocol of £ is one of Examples 2, 4, 7, 8 or Examples
1, 5, 6 with additional condition ; M( g7 satisfies the Nested private information condition in
if the baseline sharing protocol of £ is Example 3 or Examples 1, 5 with additional condi-
tion [3). From Lemma we can conclude that Assumption holds, by noticing that in these
examples, max, g |P),| depends polynomially on the parameters of the original LTC problem L.

Therefore, for any example in §A} with probability 1-9,, we know that there exists some j* € [K]
such that

—_—~ . —_— D’

e, (ME ) < 7€), e(MEFI) <71, €y <dey + max max 1[h>T]-2 di f N £ (g") < 6ey.
€[H]gel, x ’

Then, with probability 1 -8 — 6,, we have maxg ¢ _Jp, (&1.7) D, (Ei%) < (7ﬁ2 +H +6)e
Meanwhile, we can apply the result in Part II to obtain that ‘

o i 6¢e
max Jp.(8,.7)—Jp, (_ )<mln( max Jp (§1.5)—Jp; (§]',)]+T
31707 b LH jelK] 270,57 et £ oLH 200(H+1)2
7 % 6¢
< max Jp Jp (@) + ——— <,
FimcCrn @) = 8,71 200(H +1)?

with probability 1-6; —6, —63 > 1-9, and Algorithm 2] has the following sample and time complex-
ities

* Examples 1, 3, 5, 6: poly(maxheH(l(’)hHAhl)CV Hog(1Z) VIS, H, ,log(%));

* Examples 2,4, 7, 8: poly(maxheﬁ(@hﬂﬁhhcy *log("¢)+2d LIS H, ,log(%)),

which completes the proof of Part III. Combining Parts I, II, III, we complete the proof. O]

D. Deferred Details of
In the following part, we will use ~ to denote the elements and random variables in the Dec-POMDP
D. We first introduce the notion of perfect recall [25]):

Definition D.1 (Perfect recall). We say that agent i has perfect recall if Vi = 2,---,H, it holds that
Tip-1 Ula; p_1} €Ty If for any i € [n], agent i has perfect recall, we call that the Dec-POMDP has a
perfect recall property.
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D-A Proof of Theorem|V.1

Proof. sQC = SI-CIB:

Let D be a Dec-POMDP with an sQC information structure that satisfies Assumptions (e), [11.2
I11.5, and [[I1.7, To prove that D has SI-CIBs, it is sufficient to prove that for any h = 2,---,H, fix any
hy € [h—1),i; € [n], and for any g,.;,_; € g_lzh,l,gghhl € G n. let §;11 = (G ’§fl,h1""'§n,h1> and
Sy =& ,gill, ~+,8y-1), for any ¢, € Cj, reachable under both g, ,g},;,_;, the following holds:

P(?h,fah |Eh:§1;h_1) = ]P’(?h,[_ah |Eh:§i;h—1 ), (D-l)

where, for notational simplicity, we omit both the superscript D and the subscript h for the beliefs
throughout this proof, as they are clear from the context. We prove this case by case as follows:

o If there exists some i, # iy such that o(7;, j,)U0(a;, ) € 0(T;, 1), then from Assumption we
know that o(7;, 4, )U0(a; 5, ) € 0(cy). Therefore, there exist deterministic measurable functions
B1, B2 such that T; , = B1(Cy),a;, n, = P2(cy), and it holds that

P(Sp, P11 810-1) = PG Pyl B1(Cn)s B2(Ch)s Cho 8 1:n-1) = P Py Ti iy @i 1y s o 8 1p1)
=P(sp, l_jh |Eh’ gi:h—l ).

The last equality is because the input and output of g; , (and §l'-1 n) are Ty and a; j, re-
spectively, and they are both conditioned on.

« If for all i # iy, either o(T; ;) € 0(Ti,n) or 0(a; p,) € o(Ti,u), then agent (iy,h;) does not
influence agent (i, h) for any i, # iy, since D is sQC.

Firstly, we claim that agent (i;, h;) does not influence 5y, ,;: if it influences, from Assumption
there exists some i3 # i1 such that agent (i;, 1) influences 0;_ 5, ,1; however, from Assump-
tion m (e), we know 0;, 4, +1 € Tj, n,+1 C Tj, i therefore, agent (i1, h;) influences agent (i3, h),
contradicting the premise above. Similarly, we have that agent (i;,/;) does not influence 5,
for any hy > h;.

Secondly, we claim that agent (i}, ) does not influence 7;_ 4,, for any i3 € [n] and h, > h;. Since
agent (i1, h) does not influence s, .1, then by Assumption for any hy > hy, a;, , € Tp, and
agent (i, h) does not influence 0;, 5, 41 for any i3 € [n], which implies that agent (i;,h;) does
not influence any element in 7;, ;1 for any i3 € [n], either directly or indirectly. Since T;, , 11
is the input of agent i3’s strategy at timestep h; +1 to decide a;, 4 41, agent (i1, h) thus does not
influence @;, j, ,1 for any i3 € [n], either, which, together with the fact that it does not influence
5p,4+2 and thus not 0;, j, 4, for any i3 € [n], further implies that it does not influence any element
in T j, 4+, for any i3 € [n]. By recursion, agent (i, h;) does not influence 7;, j,, for any i3 € [n]
and hy > hy.

Therefore, agent (i1, h;) does not influence ¢;, = mgzﬁzg,h nor p, = T, \cy, and it does not influ-
ence sy, either, which means that

IP>(§l11 ?h |Eh’ §1:h—1) = P(gh’ ﬁh |Eh’ gi:h—l )

SI-CIB = sQC: _
Since D has perfect recall and has SI-CIBs, we know that i € [n],h € [H],Yg,.,_1, 8151 € G1:h-1,Ch €
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CiSheS, Py € Py, if ¢, is reachable under both 21.1-1- 8111, then the following holds:

P Dy lch 81m1) = PG Pu I 811)-

Our goal is to prove that if agent (ij, h;) influences agent (i, /) in the intrinsic model of the Dec-
POMDP D, then under any strategy g,.5 € G,.5, 0(Ti, n) VU 0o(d; n) S o(T;,pn,) holds. Note that
throughout the proof, when it comes to o-algebra inclusion, we meant it up to the null sets generated
by g,.77- We prove this by contradiction. If this is not true, then there exist iy,i, € [n],h,h, € [H],
such that agent (i1, ;) influences agent (i, 1), but either o(7; ) € 0(Ti,n,) or o(a@;, n,) € o(Ti,n,)-
First, we know that i, # iy, since otherwise it always holds that 7; ; C7; j, and a; » €7; j,, due to
the perfect recall assumption. Then, we discuss the following different cases.

* If 0(aj, ) € 0(Ti,n,), then it implies that o (a;, 5,) € 0(cp,), since ¢y, € Tiy - This further_im—
plies that the_re nzust exist a stritegy_glzhl_1 and some realiziiltions_ihz_e Chy @i, h, # El"phl €A n,
such that P(cy, |g1:hz_1) > 0,P(a;, p, |ch2,g1:h2_1) > 0 and ]P’(ail’h1 |ch2,g1:h2_1) > 0. This further
leads to that a; j, € c,,. Hence, due to perfect recall, there must exist some realizations
Pn, € PnysSn, €S such thata; j € Ph, and P(§h2,ﬁh2 |Eh2,§1:h2_1) > 0. Then, we define another

—, )
strategy 8, n, a8t
J— p— — — —
VTin €Tivny & Tivn) =i s (D.2)

and we let g = (g, "+ & p - 8un,) aA0d 81y 1 = (810,80 &hy1)- Now we claim
that ¢;, has non-zero probability under §i:h2_1, i.e., ¢p, is reachable under §i:h2—1' Since ¢,
is reachable under g, ; and P(a; , [Cp,,g;.,-1) > O, we know that P(a; ; ,Cp,181.4,-1) > 0.
Since §i:h2_1 only differs from g, _, in the strategy of agent (i1, ), and §§1,h1 always chooses
a; j»thenitholds that P(@; | ., 18}, 1) > P(@; ) ,Cn,|81.,-1) > 0, and thus P(cp, g}, ;) > 0.
Meanwhile, due to (D.2), we have P(s,, b, |y 81h,-1) = 02 Py, By, [€hy 81,1 ), Which leads
to a contradiction to the fact that D has SI-CIBs.

* If 6(aj, 5,) C 0(Ti, pn,), then it must be that o(7;, ;,) € 0(Ti,pn,)- Thi_s further imlilies that there
mt_lst exi_st a strategy §_1:h271_and s_ome realizations ?iil,hl * f;phl ETil’hl’?izyhz €7, n, such that
P(Ti, b, |g1:h2_1) > 0,P(T;, 1, |Ti2,h2181;h2—1) >0, anii P(Til,hl_”iz,hz,gl:hz—l) > 0. Then, due to per-
fect recall, there exist some realizati_ons Sp, 6_8,?;12 € Ty, such that T, C Ty, Ti,n, € Tp,
and P(s4,,Tp, |§1:h2—1) > 0. Letcy, € Chz,z_yhz € Py, be the realizations such that ¢, C 7, and
P, € Th,, then it holds that P(s,, p), ,cy, |§1:h2—1) = P(3y,, Th, |§1:h2—1) > 0. Thus, we know that
P(Ehyl_’hz |Eh2,§1:h2_1) > 0, and that ¢y, is reachable under &1iy-17 1€ P(cp, |§1:h£1) > 0. Mean-
while, since o(a;, i,) € 0(T;, 4,), we know that there existia realization a; 5 € A; , such that
P(@; n, |Ti, n,»81:4,-1) = 1 holds for any strategy g7, | € G1.n,-1- By applying 87, 1 = &.,-1
we obtain P(a; j, |?1-2,h2,§1:h2_1) = 1. Consider another different action realization El’.l,hl * i by
and define a new strategy §§1 PREE

gl{llhl (Til,hl ) = El"l’hll g;l,hl (?gl,hl) = Eil,hll (D3)

and keep g/ , (T; ), ) the same as g; (T} ), ) for any other realizations T}/ , . We denote g}, :=
<§1,h1""'§z"1,h1"" ,§n,h1) and §’1:h2_1 = (§1,---,§;11,--- ,§h2_1). Since T;, 5, has non-zero probabil-
ity under gy, 1, and P(T; , |Ti, 4, 81.4,-1) > 0, it holds that P(T; ; ,Ti 1, 18;.,_1) > 0. Together
with the fact that P(a;, j, |?i2,h2;§1;h2_1) = 1, we can obtain that P(?gl,hl’ailfhll?ihhz |§1:h2—1) >
0. Since §'1:h2_1 only differs from g, , in the strategy of agent (i,h), and §;1’h1 al-
ways chooses @; j, when inputting T; , , then it holds that PP(cj, 1800,1) = P(Tiy o, |81, 1) 2
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— - — — — — — — . - .
P(Til,hl’ailrhl’TinhQ |g1:h2_1) > P(Til,hl'“il,hl'Tiz,hz |g1:h2_1) > 0, which means ¢y, is reachable un-
der §i:h2—1' Meanwhile, it holds that

I[p(ghz'ﬁhz'zhz |§i:h2—1)
P(Ehz |§’];h2—] )

]P)(ghzf ﬁhz |Ehz’§i:h2—1) =

_ IP)(ghz’?hz |§,1:h2—1)

—= = 0% P(Sn, Py, 1Chyr &1:1y-1);
]P(Chzlg,l:hz—l) 2 Phy ¥ hyr 81:hy—1

\Lvhere t_he third equality is because l) Tih, C Tn,, and a; p, € Tp, since P(a; y |Tin,) = 1,
Ti,h, € Th,, and perfect recall; 2) @;, j,,T; n, can never be realized simultaneously under §1:h2—1

due to (D.3). Therefore, (D.4) leads to a contradiction to the fact that D has SI-CIBs.

This completes the proof. O
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E. Collection of Algorithm Pseudocodes

Here we collect both our planning and learning algorithms as pseudocodes below.

Algorithm 1 Planning in QC LTC Problems

Require: LTC L.

1:

\°°°\‘°\U1

Construct an expected approximate common-information model M from D} (see examples of
such constructions in the proof of Theorem [I'V.8)

g1 g < Algorithm @M)
?{.g - (gl Nl D)

gl H {gl,g3; "lng—l}
gl:H «— {gz{;/lg;fl; L'l'*’ng}
return (g1, 8)y)

Algorithm 2 Learning in QC LTC Problems

Require: Underlying environment LTC £, compression functions {Compress;},cz) and rules

. Define K = 2HS, a = CH'e

{(/P\h}he[ﬁ]' length T, accuracy level €, probability &, constant C.

Construct {Ch}hg[ ) as Vhe[H], Ch = {Compress,(cy)|c, € Cp)
Denote S =|S|,A = max;e(p) |ALl, O = max (g |04, P = max e Pyl C = MaX (w7 IC,,|, and recall
y is the parameter in Assumption 111.1

£ 0, = _£ 0, = _€ ¢):—€1V2 Cl
200(+1)2” €1 = 200H+12” L T 200(H+1)20” 72 T 200(H+1)2AP’ CI 504

. e ¢ 2. b 3 C(P+log HE  CA(O+log #ICP4) B
mm{zoo(ﬁu)miof’ 400(ﬁ+1)2AP}:C2 =C,p = 5Ny = fmax{ Cor 62 1N; =
T 7zlog sza"
[(A0) log(5;)1, Ny = [C—5--]
DeﬁneM-:{M(gl‘H’J)}j .

8 (g H, ]} — BaSeCAMP(L, No, Ny, a, B, K) by calling Algorithm 3 of [33] under D},

10:

11:
12:
13:
14:

15:
16:
17:

for j = 17to K do B
/T/l\(gle’j) - LEE(§1:H’j, {Eh}he[ﬁ]’ {ah}he[ﬁ]’rl C1,C,,01,0,,B) by calling Algorithm 5 of [14] un-
der D,

g1 = < Algorithm HM ghiy)
end for

<« Pos- Dec({g1 H} N;) by calling Algorithm 8 of [14] under D,

gl H j=r
8.5 < P& 7 Dr)

& <88 Bl
gy < (82,80 Son)
return (8,7, 8
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Algorithm 3 Vanilla Realization of ¢(g,.;3, D)

Require: Strategy ¢,.;;, QC Dec-POMDP D,
L gy <0

: for ’hz =1 E) H,i,=1ton, Ti,h, € Ti, p, do

Tiz,h A Tiz:hz )

forhy=1toh,-1,i; =1tondo

if o(7;, ) C a('cvhzﬂin D, and @;, j, influences’sy, , then

9btain ti1e Vaiue of 7; j, from that of ¢, (based on T;, 1,,)
@iy, < iy (T )

v o) ~

Tl‘zzhz — Tiz,hz U {ail’hl}

AU S o

©
o
=
o
-

10: end for
. —_— —~ 9 ~)
1 8oy (Tipny) < iy (T )
12: end for
13: return g5

Algorithm 4 Efficient Implementation of ¢(g,.;7, D)

Require: Strategy ¢,.;;, QC Dec-POMDP D,
1: for h=1to H do
22 fori=1tondo

3 Agent i receives T; j,

4 T; < Recover(T; 5, &1.5-1, D) \\ Recursion of Algorithm
5: Agent i takes action a; j < &; (T 1)

6: end for

7: end for

Algorithm 5 Recover(T; , §1.n-1,Dr)

Require: Information 7; j, Strategy ¢,.,-;, QC Dec-POMDP D,
L Ty Tip

2 forj=1ton,h"=1toh—-1do
3:  if o(Tj ) Co(cy) in Dy and 4y € T; , then
4 Obtain the value of 7, from that of ¢ (based on Tin)
5 T < Recover(T; , g1.w-1,Dr)
6: aj gy < &iw(Tjw)
7: Tip < Tip U@}
8: endif
9: end for
10: return T,

3We here slightly abuse the notation by using Ti,,hy - Ch, to denote both the random variables and their realizations.
Note that the inclusion of o-algebras here does not rely on the realized values of 7;, 1, ,c},, but relies on the information
structure of D.

63



Algorithm 6 Planning in Dec-POMDPs with Expected Approximate Common-information Model

Require: Expected approximate common-information model M
: for i i/l[n] and ¢, , € Cq,, do

—_

i,ﬁ+1(?ﬁ+1) <0

3: end for_

4 forh:Ht/QI do

5. forc,eCy, d(/)w . Wy

6 Define Q™ (@ yip s yun) i= Ry @ i) + EM Vi @) G i
— - —~ — o, M~
(& 11, & 1)) — argmax QM @ v+ Vi) (1)

7/1:n,herh
*, M —~ *, M —~

7: V7 (Cy) = maxy, QT (Ch Y Vih)

8: end for

9: end for

—~
10: return 81

E Decentralized POMDPs (with Information Sharing)

A Dec-POMDP with n agents and potential information sharing can be characterized by a tuple

D =(H,S,{A; n}iepn)he(H) (Oinbicinhe() Thbne(H O he(m) P, (R ne(H))s

where H denotes the length of each episode, S denotes the state space, and A; ;, denotes the control
action space of agent i at timestep h. We denote by s;, € S the state and by a; ), the control action of
agent i at timestep h. We use ay, := (ay -+ ,a,) € A := Ay x Ay x--- A, j, to denote the joint control
action for all the n agents at timestep h, with A, denoting the joint control action space at timestep
h. We denote T = {T},},¢r the collection of transition functions, where Ty(-|sy, a;,) € A(S) gives the
transition probability to the next state s;,; when taking the joint control action a;, at state s;,. We use
p1 € A(S) to denote the distribution of the initial state s;. We denote by O; , the observation space
and by o;;, € O;, the observation of agent i at timestep h. We use 0y, := (014,024, ,0,5) € Op :=
O, xOy ) x---O, , to denote the joint observation of all the n agents at timestep h, with O), denoting
the joint observation space at timestep h. We use {Oy};¢[y) to denote the collection of emission
matrices, where oy, ~ Oy(-|s,) € A(Oy) at timestep h under state s, € S. For notational convenience,
we adopt the matrix convention, where Oy, is a matrix with each row Oy(-|sy) for all s;, € S. Also, we
denote by O; ; the marginalized emission for agent i at timestep h. Finally, {R,};¢m) is a collection
of reward functions among all agents, where R, : S x A, — [0,1].

At timestep h, each agent i in the Dec-POMDP has access to some information 7, j, a subset of
historical joint observations and actions, namely, 7, C {01,4;,0,,--+,a,-1,05}, and the collection of
all possible such available information is denoted by 7; ;. We use 7, to denote the joint available
information at timestep h. Meanwhile, agents may share part of the history with each other. The
common information cj, = U?:lzt at timestep h is thus a subset of the joint history t;,, where zj, is the
information shared at timestep h. We use Cj, to denote the collection of all possible c;, at timestep h,
and use 7; ;, to denote the collection of all possible 7; ; of agent i at timestep h. Besides the common
information cj,, each agent also has her private information p;, = t; ,\c,, where the collection of p; ,
is denoted by P; ;. We also denote by pj, the joint private information, and by P, the collection of
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all possible p;, at timestep h. We refer to the above the state-space model of the Dec-POMDP (with
information sharing).

Each agent i at timestep h chooses the control action 4;; based on some strategy g;, : 7;, —
A; . We denote by g, := (g1, 82,1+ » i) the joint control strategy of all the agents, and by g;.j, :=
(81,82, ,8n), Yh € [H] the sequence of joint strategies from timestep 1 to h. We use G;j to denote
the strategy space of g; 5, and use G, G;., to denote joint strategy spaces, correspondingly. Next, we
introduce some background on the intrinsic model and information structure of Dec-POMDPs.

F-A Intrinsic Model

In an intrinsic model [26], we regard the agent i at different timesteps as different agents, and each
agent only acts once throughout. Any Dec-POMDP D with n agents can be formulated within the
intrinsic-model framework, and can be characterized by a tuple ((Q, %), N,{(U;, %) ﬁl, {(Hl,ﬁ)}f\il)
[11]]), where (QQ, F) is a measurable space of the environment, N = n x H is the number of agents in
the intrinsic model. By a slight abuse of notation, we write [N]:=[n] x [H], and write [ := (i,h) € [N]
for notational convenience. This way, any agent I € [N] corresponds to an agent i € [n] at timestep
h € [H] in the state-space model. We denote by U; the measurable action space of agent [ and by %
the o-algebra over U;. For A C [N], let H, := Q x[];c4 U; and H := Hjy). For any o-algebra & over
H,, let (€’) denote the cylindrical extension of € on H. Let #Z := (¥ (®1ca%))) and Z = #{n)- We
denote by I; the space of information available to agent I, and by _% the o-algebra over H. For | € [N],
we denote by I; the information of agent [, and U the action of agent I. The spaces and random
variables of agent I = (i,h) in the intrinsic model are related to those in the state-space model as
follows: VI = (l,h) S [N],Ul = Ai,hl]ll = Z,h’ U = ai,h,Il =T h

F-B Information Structures of Dec-POMDPs
An important class of IS is the quasi-classical one, which is defined as follows [26)}, [11}, [12]].

Definition E1 (Quasi-classical Dec-POMDPs). We call a Dec-POMDP problem QC if each agent in
the intrinsic model knows the information available to the agents who influence her, directly or
indirectly, i.e., VIj, I, € [N], Iy = (i1, hy), 1y = (i, hy), 11,1 € [n],hy, hy € [H], if agent [} influences agent
I, Then, 5 C 4,.

Furthermore, strictly quasi-classical IS [26],27], as a subclass of QC IS, is defined as follows.

Definition E2 (Strictly quasi-classical Dec-POMDPs). We call a Dec-POMDP problem sQC if each
agent in the intrinsic model knows the information and actions available to the agents who influence
her, directly or indirectly. That is, VI;,l, € [N],I; = (i1, hy), 1, = (i3, hy), 11,1, € [n], hy, hy € [H], if agent
l; influences agent [, Then, % U(%),) C Ji,.

F-C Intrinsic Model of LTC Problems

Given any LTC L of the state-space-model form defined in we define the intrinsic model
of L as a tuple ((QQ,%),N,{(U;, %) ﬁ]f{(Ml'%l)}g\iy{(Hl’f\fl’)};\ip{(Hl*“fl*)}%\i1>) where (Q), %) is the
measure space representing all the uncertainty in the system; N = n x H is the number of agents in
the intrinsic model. By a slight abuse of notation, we write [N]:=[n] x [H], and write [ := (i,h) € [N]
for convenience. This way, any agent | € [N] corresponds to an agent i € [n] at timestep h € [H] in
the state-space model, and we thus define I~ := (i,h”) and I" := (i,h") accordingly. We denote by
U; and M the measurable control and communication action spaces of agent [, and by %; and ./,
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the o-algebra over U; and M, respectively. For any A C [N], let Hy := Q x[];c4(U; x M) and H :=
Hin. For any o-algebra & over Hy, let (4') denote the cylindrical extension of € on H. Let #, :=
(F &(®1ca%)e(B1ep M), # = H{n)- We denote by I[}- and I} the spaces of information available to
agent I before and after additional sharing, respectively, and by %- C # and %+ C # the associated
o-algebra. The spaces and random variables of agent | = (i,h) in the intrinsic model are related
to those in the state-space model as follows: VI = (i,h) € [N],U; = A; ,, Mj = M; p,1j- = T -1+ =
Ti pe Uy = aj p, My = m; , I;- = 7, -, Ij+ = 7 j+. For notational convenience, for any random variable B
in LTC and the o-algebra % generated by B, we overload o(B) to denote the cylindrical extension of
% onH, i.e., 0(B) = (AB).

G. Other Supplementary Results

G-A Optimality of Deterministic Strategies

We now show a supplementary result that for the formulated LTC problem, it does not lose opti-
mality to consider deterministic strategies as introduced in For any LTC problem £, consider
generic, stochastic communication and control strategy spaces: Vi € [n], h € [H], Q;’;’ZS = {gimés :
,S ,S
QFy x Tip- — Min), Giy =180y - Qfy x Tipe — A i), where {QF) Viciuynerr) (QF ) )ieinynefr) are the
sets of random seeds which could be correlated to each other across agents and timesteps. Note
that these strategy classes include those of the strategies randomized over the action sets, i.e.,
: S ,S . ,S .S .

Vi € [n], h € [H], ngh = {gﬁl T — AM; ) th = {gzh : Tipe — A(A;jp)). Also, we denote
by QZ’S,QZ”’S the joint stochastic control and communication spaces at timestep h, respectively. Sim-
ilarly, we define the objective under the stochastic strategies as

a,S a,S m,S m,S aS mS\ . _
Vern €91 811 €Y1 Je(&rn 81.) = Er

H
Z(”h —Kp)

h=1

a,S m,S
gl:H’gI:H}'

Lemma G.1. It does not lose optimality to consider deterministic control and communication strate-
gies in LTC. Namely, for any LTC problem £,

a,S mSy\ _ a m
o max o Je@um&un) =, max o Jo(8im 8in) (G.1)
SnE9 81 €91 810 €91 81 HE

Proof. For any i € [n],h € [H], since space Q;";IS covers space G, and space gf,f covers space G, , we
have that

a,S m,S a m
S r?axs slﬁ(gle’gle)2 a Hrna),% " ][l(gle’gl:H)' (GZ)
gf;HegT’:H;g{'f}J EgI’Z’H gl:Hegle’gleegle

In the other direction, from the tower property, for any g; ?I € gf;fq, g{”l_? € g’l”g

H

Z(Th - Kp)

h=1

Je(ghsn el =B,

a,S m,S
81:1781:H

H
=E Ez[ Z(Th - Kp) ‘ {gff’hs (] Bien) ne(n) {gﬁs[wfh]}ie[n],he[m] ,

h=1
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where wf, € Q“h, a)l n € Q , are random seeds, and g [a)l ) € Ql h,gl f [ ] € g are deterministic
strategles deflned as

S
V- €Tin, 8, *lw DT )= gy (@] T )

S
VTi,h’feThﬂglh[ Dl (T ): = g (@l Tipe)-

Therefore, we have

)
Je(8y ngiﬂH

EL[Z =) \ gl lwiy]) {g;f}f[w;?h]}]]

H
m
< max_ E, Zrh—Kh ‘{g,h w48, [ w;ipl}
{wi,h}ie[n],he[H]'{ zh i€[n]he[H] h=1
< max J (8110 8101)
& HEG 181G

holds for any g%, € G5, g5 € GI'>. Hence, we further get

S mS
max Je(tpp i) S, max - Jr(gly 8iim)- (G.3)
SUHEGT 8 €O 81.HE9 1 81:u €9
Combining Equation (G.2) and Equation (G.3), we prove Equation (G.1). O

G-B Conditions Leading to Assumption m

As a minimal requirement for computational tractability (for both Dec-POMDPs and LTCs), As-
sumption is needed for the one-step tractability of the team-decision problem involved in the
value iteration in Algorithm [6} We now adapt several such structural conditions from [14] to the
LTC setting, which lead to this assumption and have been studied in the literature. Note that since
we need to do planning in the approximate model M, which is oftentimes constructed based on the
original problem £ and the approximate beliefs {IP’M’C(Eh,ﬁh |€h)}pepr), We necessarily need conditions

on models £, M, and the belief {IP’ “(51, Py Ch)}he[ ] that M is consistent to, to ensure Assumption
holds, for which we refer to as the Part (1) and Part (2) of the conditions below, respectively.

+ Turn-based structures. Part (1): At each timestep h € [H], there is only one agent, denoted
as ct(h) € [n], that can affect the state transition. More concretely, the transition dynamics
take the forms of Ty, : S x A¢y) — A(S). Additionally, we assume the reward function admits
an additive structure such that Ry, (sp,an) = Yjen) Rin(sn a;p) for some functions {R; p}ic[n)-
Meanwhile, since only agent ct(h) takes the action, we assume the increment of the common
information satisfies ZZ+1 = Xn+1(Pnt Act(h)hr On+1)- Part (2): No additional requirement. Such
a structure has been commonly studied in (fully observable) stochastic games and multi-agent
RL [38,[39].

* Nested private information. Part (1): No additional requirement. Part (2): At each timestep
h = 2t,t € [H], all the agents form a hlerarchy according to the private 1nformat10n they pos-

sess, in the sense that V i,j € [n],j < LDy = (pl ,) for some function Y . More formally, the

approximate belief satisfies that Pﬁd’c(ﬁj’h = h (pz,h) |P; s cn) = 1. Such a structure has been in-
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vestigated in [40] with heuristic search, and in [14] with finite-time complexity analysis when
there is no additional sharing to decide/learn.

* Factorized structures. Part (1): At each timestep h € [H], the state s; can be partitioned
into n local states, i.e., s, = (51,4, 52,1, »5y,4).- Meanwhile, the transition kernel takes the prod-
uct form of Ty (spy1|span) = [Ti2; Tin(sine1|sin ain), the emission also takes the product form
of Op(oplsy) = T, O; (0 p1sip), and the communication cost and reward functions can be
decoupled into n terms such that Ky (z) = i1, Kin(2f ), Ru(sp an) = L2y Rin(sin aip). Part
(2): At each timestep h € [H], the approximate common information is also factorized so
that ¢, = (cy ¢ -, Cnp) and its evolution satisfies that ¢;; = (i’)\i,h(a,h—l;zi,h—l) for some
function (’P\zh Correspondingly, the approximate beliefs need to satisfy that PhM’C(Eh,ﬁh [cn) =
H?zllP’ﬁfl’C(Ei’h,[_)i'h |c; ) for some functions {P%'C}ie[n],he[ﬁ]' Such a structure, under general in-
formation sharing protocols, can lead to non-classical IS. In this case, it may be viewed as an
example of non-classical ISs where the agents have no incentive for signaling [12}, §3.8.3].

Lemma G.2. Given any LTC problem £, let D’ﬁ be the Dec-POMDP after reformulation, expansion,
and refinement. For any M to be the approximate model of D} and {IF’hM’C}hE[ﬁ] to be the approximate
belief, if they satisfy any of the 3 conditions above, Then, Equation in Algorithm[6]can be solved
with time complexity max;,.z7; poly (IPul, | AL 1S)).

Proof. For any h € [H],if h=2t-1,t € [H], from Assumptionand the construction of D, since
we need to find the optimal strategy of D}, in the spaces g, € Gy = {g: C, — Ay}, where we recall that
Aj, = M, is joint communication action space. Then, Ij, = M, has cardinality [T;| = |M,|, and Yiwh
can be computed as

*, M —~
Vie:n,h =argmax Qh (Ch, ylzn,h)
Vi n€ly

by enumerating all possible ., ; € I}, with a complexity of |[M;].
If h = 2t,t € [H], we prove the result case by case:

* Nested private information: We first define the u; , € U; ;, := {( ;-:15]-,;1) X (]_[;:11 Zj,h) — Al
and slightly abuse the notation for QZ’M as follows
M~ Me— — — _ - — = - = =
Qy  (Cpytty e s ) = Z Py (S Py G TV 1@ gy = 145 (P o @1ci—1, ) | Th (St |50 @)

SPpAnsShi1,0841

O 1 i1 154 ) [RuGi @ ) + Vi @)

Since the space of U; , covers the space of I} ;, Then, for the u}, , to be an optimal one that

maximizes the Q;’M, we have

M~ M~ S M~
Qu (Chott] ooy )= max QT (Cp e Uy y) = max QT (Ch Vi Vih):
{ui €U Yiein) {Vin€linticm

Meanwhile, due to the nested private information condition, for any p, € Py, there must exist
V1., Such that y{_ output the same actions as uj, , under p;,. Therefore, we can conclude
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that

M~ oM
max Qh (Chlul,hf"' ;un,h) = max Qh (Ch; Vih ;yn,h)-
{1 €U p)iern] {Vin€Linticm
. . . . .
Therefore, we can solve Equation (E.1) and compute y}, ; from computing uj, ,, which can

be solved with complexity poly(|Pyl, |ALLIS)).

Turn-based structures: For any Veynyn € Let(hy, V-ct(n)nr yict(h)h € Lcy(n),n, where ct(h) is the
controller, it holds that for any ¢y

QM (@ Vertn Vct(h)h)
= ) P Gu BT Thher Sh Vertnn Py V-ctmh(Bcrin,)

ShoPrSha1,0n41
Ot Ohe1 150 R v (B) + Vi @)
= Z P;/I\/l'c(gh:ﬁﬂaz)Th(EhH ISk Vettnh Per(ny,n) Onet Onet 1o [Ri G Verh Bergiy ) + Vh+1 (Chs)]s

SpoPrSha1,0n+1

Z ZP (S P SR i G vin (B 1) Zuzh Chv Vih)s

i=ct(h)5y,py, i€[n]

where the last step is due to the fact that ¢, = (/i)\h+1(a,2h+l). Note that we can write
ﬁh(Eh,Eh,ﬁh) as ﬁh(Eh,Eh) since h is even. Then, we can optimize QZ’M (Chs Vet(n)hr V=ct(my,n) In
conclusion, Equation (E.1) can be solved with respect to each individual y; w1th total com-
plexity poly(|Sl, [Py, IAhI)

Factorized structures: Note that for any h € [H], we can write the reward function of D}, as
ﬁ(?h,ﬁh,ﬁh) = Z?zlﬁ(Ei,h,Ei’h,;_)i,h), Vsp,ap,py. Then, for any h € [H], T, € Cp,yp € T, we use
backward induction to prove that, there exist n functions {F; j};¢[,) such that

n
oM =~ -
Q, (Chth):E Fin(Cin Vish)-
i=1
It holds for h = H si M,y =y Yy pMeg R (5., yi (D =), 7 =
olasiorn = since Qﬁ (Cnyﬁ)_ i=1 Zsi’ﬁ,p”_] ZH( lH’lelczH H(SI'H;‘)/z,h(pllH)lpl’H).

For any h < H - 1, it holds that

M@y = Y PG Py G Tkt 150 Y0(P) Ot (G [She)

SpPpsSht1/0m41

n
[ ZRi,h(gi,hr VinPiphPin) + Fine1(Cint1, & sy (Cine1))
i1

=

M — e~ = _ _
= Z P Gin Py G ThSi et 500 Vin (P )

=15, 1,P; psSih+1,0i b1

Oini 105, n41 15iwe DR n i Vi Pip) Pip) + Fin1 (G 1, 8 1 (Cir1))]

=) Fin(Cinvin)
i1
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Then, by induction, we know that it holds for any h € [H]. We can define
?g?’h(/c\h) € argmaxrihenhFi,hﬂ(/c},hﬂ,yi,h), and thus solve Equation 1) with complexity ) I,
poly([Sil, |4 ul, [P al)-

This completes the proof. O

Note that, strictly speaking, the time-complexity given in Lemma does not satisfy As-
sumption yet, since [P),| may not be necessarily small and polynomial in the LTC parameters
|S], 1O, ARl IMp|, H. For the examples in more specifically, one can show that |P;| is indeed
polynomial in these parameters (when viewing the delay d of sharing, if it exists, as a constant),
which led to the final quasi-polynomial complexity guarantees in Theorem and Theorem [IV.9|
(see their proofs for the formal arguments).

H. Examples in the Venn Diagram Figure |2b

Here, we show some examples of the areas @-® in the Venn diagram in Figure Note that, un-
less otherwise noted, the diagram here refers to the common scenarios where the transition ker-
nel {Ty}pe(p) and observation emission {Qy}ycp) are non-degenerate, i.e., for any agent i € [n] and
timestep h € [H], the change of state s, can influence the observation o0;;, and the action a; ) can
influence the state s, 1.

e @: Multi-agent MDP [41] with historical states. The Dec-POMDDPs satisfying that for any
hel[H)ie[n],O0;,=8,0;(s|s)=1,c, =51, pp =0 lie in the area @.

* @: Uncontrolled state process without any historical information. The Dec-POMDPs satis-
fying that for any h € [H],i € [n],sp, ap, a;, Ty(-|sp,an) = Ty(-Isp,a,),cp = 0, pip = {0; ) lie in the
area @.

* ©®: Dec-POMDPs with sQC information structure, perfect recall, and Assumptions(II1.5/and
1.7} One-step delayed information sharing (Example 1 in §A) lies in this area.

e @: State controlled by one controller with no sharing and only observability of the con-
troller. We consider a Dec-POMDP D. The state dynamics are controller by only one
agent (for convenience, agent 1), and only agent 1 has observability, i.e., Ty (-|sy, a1 p,a-1 ) =
Th(-Isn,aipa’, ) for all sy,ay p,a_yp,a’, ,, and Oy = 0. There is no information sharing, i.e.,
¢ =0,p1,n = {01 ar:n-1},pjn = {aj, 101}, Y] # 1. Then, Vj = 1,hy <h, € [H], agent (1, h) does not
influence (j, hy), since 7; 4, = {a;j,1.,-1} is not influenced by agent (1,h;). Therefore, D is sQC
and has perfect recall, D is not SI (underlying state s; influenced by g 1.5,-1). This is because D
does not satisfy Assumption[[II.7} Thus, D lies in the area @.

* ®: One-step delayed observation sharing and two-step delayed action sharing. The Dec-
POMDPs satisfying that for any h € [H],i € [n],¢;, = {01.-1,a1.n-2}, Pin = {ai 1,0} lie in the
area ®.
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I. Additional Figures

We provide a few figures to better illustrate the paradigms and algorithmic ideas of this paper.
Figure [5] and Figure [6]illustrate the paradigm and the timeline of the LTC problems considered in
this paper.

Agent N
Agent 1
communication
‘ action
—_ mi_h
kS — @@ Oc @ @
Agent i

Figure 5: Illustrating the learning-to-communicate problem considered in this paper.

_ Additional N Baseline B
h, Sharing \y h Sharing \ (h+1)

' a ' H
Common | ¢~ Z.h I O Zh+1 P Crt)”
Information ! - i = : @

i Piem Man 2z Pipt dip Opp+1 P1,(h+1)~
Agent 1 —e L . . . . . : .

Pnh= Mah Znn | Popt  Onn Onntt b Pn(rt)
Agentn + L ® L L L L °

Figure 6: Timeline of the information sharing and evolution protocols in the learning-to-
communicate problem considered in this paper.
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