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Abstract

We study the task of learning state representations from potentially high-dimensional
observations, with the goal of controlling an unknown partially observable system.
We pursue a direct latent model learning approach, where a dynamic model in some la-
tent state space is learned by predicting quantities directly related to planning (e.g.,
costs) without reconstructing the observations. In particular, we focus on an intu-
itive cost-driven state representation learning method for solving Linear Quadratic
Gaussian (LQG) control, one of the most fundamental partially observable control
problems. As our main results, we establish finite-sample guarantees of finding a
near-optimal state representation function and a near-optimal controller using the
directly learned latent model. To the best of our knowledge, despite various empir-
ical successes, prior to this work it was unclear if such a cost-driven latent model
learner enjoys finite-sample guarantees. Our work underscores the value of predict-
ing multi-step costs, an idea that is key to our theory, and notably also an idea that
is known to be empirically valuable for learning state representations.

1 Introduction

We consider state representation learning for control in partially observable systems, inspired
by the recent successes of control from pixels (Hafner et al., 2019b,a). Control from pixels is
an everyday task for human beings, but it remains challenging for learning agents. Methods
to achieve it generally fall into two main categories: model-free and model-based ones. Model-
free methods directly learn a visuomotor policy, also known as direct reinforcement learning
(RL) (Sutton and Barto, 2018). On the other hand, model-based methods, also known as indirect
RL (Sutton and Barto, 2018), attempt to learn a latent model that is a compact representation of
the system, and to synthesize a policy in the latent model. Compared with model-free methods,



model-based ones facilitate generalization across tasks and enable efficient planning (Hafner
et al., 2020), and are sometimes more sample efficient (Tu and Recht, 2019; Sun et al., 2019;
Zhang et al., 2019) than the model-free ones.

In latent-model-based control, the state of the latent model is also referred to as a state repre-
sentation in the deep RL literature, and the mapping from an observed history to a latent state
is referred to as the (state) representation function. Reconstructing the observation often serves
as a supervision for representation learning for control in the empirical RL literature (Hafner
et al.,, 2019b,a, 2020; Fu et al., 2021; Wang et al., 2022). This is in sharp contrast to model-free
methods, where the policy improvement step is completely cost-driven. Reconstructing observa-
tions provides a rich supervision signal for learning a task-agnostic world model, but they are
high-dimensional and noisy, so the reconstruction requires an expressive reconstruction func-
tion; latent states learned by reconstruction contain irrelevant information for control, which
can distract RL algorithms (Zhang et al., 2020; Fu et al., 2021; Wang et al., 2022). This is espe-
cially the case for practical visuomotor control tasks, e.g., robotic manipulation and self-driving
cars, where the visual images contain predominately task-irrelevant objects and backgrounds.

Various empirical attempts (Schrittwieser et al., 2020; Zhang et al., 2020; Okada and Taniguchi,
2021; Deng et al., 2021; Yang et al., 2022) have been made to bypass observation reconstruction.
Apart from observation, the interaction involves two other variables: actions (control inputs)
and costs. Inverse model methods (Lamb et al., 2022) reconstruct actions; while other methods
rely on costs. We argue that since neither the reconstruction function nor the inverse model is
used for policy learning, cost-driven state representation learning is the most direct one, in that
costs are directly relevant for control purposes. In this paper, we aim to examine the soundness
of this methodology in linear quadratic Gaussian (LQG) control, one of the most fundamental
partially observable control models.

Parallel to the empirical advances of learning for control from pixels, partially observable linear
systems has been extensively studied in the context of learning for dynamic control (Oymak
and Ozay, 2019; Simchowitz et al., 2020; Lale et al., 2020, 2021; Zheng et al., 2021; Minasyan
et al., 2021; Umenberger et al., 2022). In this context, the representation function is more for-
mally referred to as a filter, the optimal one being the Kalman filter. Most existing model-based
learning approaches for LQG control focus on the linear time-invariant (LTI) case, and are based
on the idea of learning Markov parameters (Ljung, 1998), the mapping from control inputs to ob-
servations. Hence, they need to predict observations by definition. Motivated by the empirical
successes in control from pixels, we take a different, cost-driven route, in hope of avoiding
reconstructing observations or control inputs.

We focus on finite-horizon time-varying LQG control and address the following question:
Can direct, cost-driven state representation learning provably solve LQG control?

This work answers the question in the affirmative, by establishing finite-sample guarantees for
for a cost-driven state representation learning method.

Challenges & Our techniques. Overall, to establish finite-sample guarantees, a major techni-
cal challenge is to deal with the quadratic regression problem in cost prediction, arising from



the inherent quadratic form of the cost function in LQG. Directly solving the problem for the
representation function involves quartic optimization; instead, we propose to solve a quadratic
regression problem, followed by low-rank approximate factorization. The quadratic regression
problem also appears in identifying the cost matrices, which involves concentration for ran-
dom variables that are fourth powers of Gaussians. We believe these techniques might be of
independent interest.

Moreover, the first {-step latent states may not be adequately excited (having full-rank covari-
ance), which invalidates the use of most system identification techniques. We instead identify
only relevant directions of the system parameters, and prove that this is sufficient for learn-
ing a near-optimal controller by analyzing state covariance mismatch. This fact is reflected in
the separation in the statement of Theorem 1; developing finite-sample analysis in this case is
technically challenging.

Implications. For practitioners, one takeaway from our work is the benefit of predicting multi-
step cumulative costs in cost-driven state representation learning. Whereas the cost at a single
time step may not be revealing enough of the latent state, the cumulative cost across multiple
steps can be. This is an intuitive idea for the control community, given the multi-step nature
in the classical definitions of controllability and observability. Its effectiveness has also been
empirically observed in MuZero (Schrittwieser et al., 2020) in state representation learning for
control, and our work can be viewed as a formal understanding of it in the LQG control setting.

Notation. We use 0 (resp. 1) to denote either the scalar or a matrix consisting of all zeros (resp.
all ones); we use I to denote an identity matrix. The dimension, when emphasized, is specified
in subscripts, e.g., 04, x4,, 14, Is,. Let Is denote the indicator function for set S and Is(A) ap-
ply to matrix A elementwise. For some positive semidefinite P, we define ||v||p := (v Po)!/2.
Semicolon “;” denotes stacking vectors or matrices vertically. For a collection of d-dimensional

vectors (vt)]t:i, let v := [v;;0i41;...;0)] € R4G-+1) denote the concatenation along the col-

umn. For random variable 7, let [|77]|y, denote its B-sub-Weibull norm, a special case of Orlicz
norms (Zhang and Wei, 2022), with 8 = 1,2 corresponding to subexponential and sub-Gaussian
norms. 0;(A), 0min(A), 0t (A), 0max(A) denote its ith largest, minimum, minimum positive,
maximum singular values, respectively. ||A||2, || Al|r, || A]|« denote the operator (induced by vec-
tor 2-norms), Frobenius, nuclear norms of matrix A, respectively. (:,-), denotes the Frobenius
inner product between matrices. The Kronecker, symmetric Kronecker and Hadamard products
between matrices are denoted by “®”, “®s” and “®”, respectively. vec(-) and svec(-) denote
flattening a matrix and a symmetric matrix by stacking their columns; svec(-) does not repeat
the off-diagonal elements, but scales them by V2 (Schacke, 2004). Let diag(-) denote the block

diagonal matrix formed by the matrices inside the parentheses.

2 Problem setup

We study a partially observable linear time-varying (LTV) dynamical system

Xer1 = Afxe + Biug+wi, v = Cixe + vy, (2.1)



fort =0,1,...,T—1and yr = C;xr + vr. For all t > 0, we have the notation of state x; € R%,
observation y; € R%, and control input u; € R%. Process noises (w,g)tT:_O1 and observation
noises (v;)]_, are ii.d. sampled from N (0,Z,,) and N (0,%,,), respectively. Let initial state xo

be sampled from N (0, %).

Let @4 = Af 1A} 5+ A} for t > tgp and ®;; = I. Then x; = Ppp xy) + Zt{:lto ®; 1w, under
zero control input. To ensure the state and the cumulative noise do not grow with time, we
make the following uniform exponential stability assumption.

Assumption 1 (Uniform exponential stability). The system is uniformly exponentially stable, i.e.,
there exists « > 0,p € (0,1) such that for any 0 < to < t < T, || D@4, []2 < ap'~fo.

Assumption 1 is standard in controlling LTV systems (Zhou and Zhao, 2017; Minasyan et al.,
2021), satisfied by a stable LTI system. It essentially says that zero control is a stabilizing policy,
and can be potentially relaxed to the assumption of being given a stabilizing policy (Lale et al.,
2020; Simchowitz et al., 2020). Specifically, one can excite the system using the stabilizing policy
plus Gaussian random noises.

Define the /-step controllability matrix
— dyxldy
te =Bl AiBi 1., AFAL - AL Bl o] € RYT

for £ —1 <t < T — 1, which reduces to the standard controllability matrix [B, ..., A“"1B] in the
LTI setting. We make the following controllability assumption.

Assumption 2 (Controllability). Forall £ —1 <t < T —1, rank(®{,) = dx, Omin(Pf,) > v > 0.
Under zero noise, we have

C . .
Xprr = PropsXe + Py pq p[Upro—1;- 5 utl,

so Assumption 2 ensures that from any state x, there exist control inputs that drive the state to
0 in ¢ steps, and v ensures that the equation leading to them is well conditioned. We do not
assume controllability for 0 < t < ¢ — 1, since we do not want to impose the constraint that
dy > dy. This turns out to present a significant challenge for state representation learning, as
seen from the separation of the results before and after the /-steps in Theorem 1.

The quadratic cost functions are given by

cr(x,u) = ||x[lg; + [lulk;, 0<t<T—1, (2.2)

and cr(x) = |x||3., where (Q})L, are positive semidefinite matrices and (R})/-] are posi-
tive definite matrices. Sometimes the cost is defined as a function on observation y. Since
the quadratic form y' Qjy = x"(C;) " Q;C/x, our analysis still applies if the assumptions on
(QF)L, hold for ((C;) " Q;Cy)L, instead.

(A,C) and (A, Q'/?) observabilities are standard assumptions in controlling LTI systems. To
differentiate from the former, we call the latter cost observability, since it implies the states are
observable through costs. Whereas Markov-parameter-based approaches need to assume (A, C)
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observability to identify the system, our cost-driven approach does not. Here we deal with the
more difficult problem of having only the scalar cost as the supervision signal (instead of the
concatenation of all observations, as in Markov-parameter-based ones). Nevertheless, the notion
of cost observability is still important for our approach, formally defined as follows.

Assumption 3 (Cost observability). Forall 0 <t </{¢—1, Q; = yZI. Forall ¢ <t < T, there exists
m > 0 such that the cost observability Gramian (Kailath, 1980)
k—1 N
Y el Qi = 2

T=t

wherek =m A (T —t+1).

This assumption ensures that without noises, if we start with a nonzero state, the cumulative
cost becomes positive in m steps. The special requirement for 0 < t < ¢ — 1 results from the
difficulty in lacking controllability in these time steps. The following is a regularity assumption

on system parameters.

Assumption 4. (0min(Zo,))L, are uniformly lower bounded by some o, > 0. The operator norms
of all matrices in the problem definition are uniformly upper bounded, including (A}, B, R;‘,wa)tT:’ol,
(Cf, Qf, o,) g In other words, they are all O(1).

Let hy = [yo.; uo.—1)] € R(+Ddy+du denote the available history before deciding control u;. A
policy 7t = (7 : hy — uy)],) determines at time ¢ a control input u; based on history h;. With
a slight abuse of notation, let ¢; := c¢(x;,us) for 0 < t < T —1 and ¢y := cr(x7) denote the
cost at each time step. Then, J™ := E”[Y.]_, ;] is the expected cumulative cost under policy 7,
where the expectation is taken over the randomness in the process noises, observation noises,
and controls (if the policy 7 is stochastic). The objective of LQG control is to find a policy 7
such that | is minimized.

If the system parameters ((A}, B}, R}){ ', (Cf,Qf)L,) are known, the optimal control is ob-

tained by combining the Kalman filter z; = Ljyo,
zip1 = Arzi + Biug + Ly (Y1 — Gl (Avzi + Biuy))

for 0 <t < T — 1, with the optimal feedback control gains of the linear quadratic regulator
(LQR) (K;)/, such that uj = Kjz}, where (L})L_, are the Kalman gains; this is known as the
separation principle (Astrém, 2012). The Kalman gains and optimal feedback control gains are
given by
Ly = S{(CH (S (C) T +2a) 7,
Ki = —((Bf) " Pi1Bi +Ri) ' (B}) Pl Af,
where S} and P} are determined by their corresponding Riccati difference equations (RDEs):
r = A7(SE = S{(CHT(CISH(C) T +20)TICISH(AD) T + T, (23)
Pf = (A7) (Piiy — Piy Bi ((BY) " Py By + Rf)TH(By)  Piy) AT + Qf, (24)

with S§ = X and P; = Q7.



We consider data-driven control in a partially observable LTV system (2.1) with unknown cost
matrices (Q;)L,. For simplicity, we assume (R;)L, is known, though our approaches can be
readily generalized to the case without knowing them; one can identify them in the quadratic
regression (3.3).

2.1 Latent model of LQG

Under the Kalman filter, the observation prediction error i;,1 := yi1 — Cf 1 (Ajzf + Bfuy) is
called an innovation. It is known that i; is independent of history /; and (i), are indepen-
dent (Bertsekas, 2012).

Now we are ready to present the following proposition that represents the system in terms of
the state estimates by the Kalman filter, which we shall refer to as the latent model.

Proposition 1. Let (z})L be state estimates given by the Kalman filter. Then,
iy = Arzi 4 Biug + Ly,

where Ly iz is independent of z; and uy, i.e., the state estimates follow the same linear dynamics as
the underlying state, with noises Ly ity 1. The cost at step t can then be reformulated as functions of the

state estimates by

cr = [|2¢ 3y + luellRs + be + e + 176,

where by > 0 is a problem-dependent constant, and v; = ||zf — xtHfQ? — by, = <zf,xt — z;‘>Q*
t

are both zero-mean subexponential random variables. Under Assumptions 1 and 4, by = O(1) and
7t g, = O(dY/2); moreover, if control uy ~ N (0,021) for 0 < t < T, then |||y, = O(dL/?).

Proof. By the property of the Kalman filter, z; = E[x; | yo., tg.;—1)] is a function of the past
history (yo:, u0:(t,1)). u; is a function of the past history (yO;t,uOZ(t,l)) and some independent
random variables. Since i;;1 is independent of the past history (yo.;, uOZ(t,m), it is independent
of z{ and u;. For the cost function,

or = zi Iy + lwell%s + [z — xellgy +2(2 0 —27) .-

Let by = E[||x; — z;‘||2?] be a constant that depends on system parameters (A}, B, L, )],

(Cf, %0, )y and Zg. Then, random variable ; := ||z} — xt||ét* — by has zero mean. Since (x; —
z{) is Gaussian, its squared norm is subexponential. Since z; and (x; — z;) are independent
zero-mean Gaussian random vectors (Bertsekas, 2012), their inner product #; is a zero-mean
subexponential random variable.

If the system is uniformly exponentially stable (Assumption 1) and the system parameters are
regular (c.f. Assumption 4), then (S; )tT:o given by RDE (2.3) has a bounded operator norm
determined by system parameters (A}, Bf,C;, %)y, (Z0,)L, and £y (Zhang and Zhang,
2021). Since S; = Cov(x; —z}), ||7tllyy = O(dY?) by Lemma 7. By Assumption 1, if we
apply zero control to the system, then ||Cov(z;)|2 = O(1). By Lemma 7, n; = (z},x; — zf)
satisfies ||17¢[|y, = O(dL/?). O



Proposition 1 states that: 1) the dynamics of the state estimates produced by the Kalman filter
remains the same as the original system up to noises, determined by (A}, B} )!—; 2) the costs
(of the latent model) are still determined by (Q})!_, and (R})[', up to constants and noises.
Hence, a latent model can be parameterized by ((A¢, Br)[, (Q¢)L,) (recall that we assume
(R})L, is known for convenience). Note that observation matrices (C;)!_, are not involved.

Now let us take a closer look at the state representation function. The Kalman filter can be writ-
tenaszf,, = A,z} + Bju; + Lf, Y11, where A, = (I - L ,C,,)A} and B = (I - Lf,,Cs,,)B;.
For 0 <t < T, unrolling the recursion gives

z} = Ay zj_q + Bi_qup + Ly
= [A 1A o ALy, Lillyoi - sy + [Ay 1Ay 5+ A By, ..., By q][uo; .- 1]
=: M{[yot; to.(1-1)),

where M; € R*>*((1)dy+t4) " This means the optimal state representation function is linear in
the history of observations and controls. A state representation function can then be parame-
terized by matrices (Mt)tT:O, and the latent state at step t is given by z; = M;h;.

Overall, a policy 77 is a combination of state representation function (M;)! -} (Mr is not needed)
and feedback gain (Kt)tT;Ol in the latent model; in this case, we write 7 = (M;, Kt)th’Ol as the
composition of the two.

3 Methodology: cost-driven state representation learning

State representation learning involves history data that contains samples of three variables:
observation, control input, and cost. Each of them can potentially be used as a supervision
signal, and be used to define a type of state representation learning algorithms. We summarize
our categorization of the methods in the literature as follows.

¢ Predicting observations defines the class of observation-reconstruction-based methods, includ-
ing methods based on Markov parameters (mapping from control actions to observations)
in linear systems (Lale et al., 2021; Zheng et al., 2021) and methods that learn a mapping
from states to observations in more complex systems (Ha and Schmidhuber, 2018; Hafner
et al., 2019b,a). This type of method tends to recover all state components.

* Predicting actions defines the class of inverse model methods, where the control is predicted
from states across different time steps (Mhammedi et al., 2020; Frandsen et al., 2022; Lamb
et al., 2022). This type of method tends to recover the control-relevant state components.

* Predicting (cumulative) costs defines the class of cost-driven state representation learning meth-
ods (Zhang et al., 2020; Schrittwieser et al., 2020; Yang et al., 2022). This type of methods
tend to recover the state components relevant to the cost.

Our method falls into the cost-driven category, which is more direct than the other two types,

in the sense that the cost is directly relevant to planning with a dynamic model, whereas the
observation reconstruction functions and inverse models are not. Another reason why we
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Algorithm 1 Direct latent model learning

1: Input: sample size 1, input noise magnitude o, singular value threshold § = @(n~1/4)
2: Collect n trajectories using u; ~ N'(0,02I), for 0 < t < T — 1, to obtain data in the form of

Draw = (5, ul?, e,y uld) ey ey

3: Run COREL(Draw, 6) (Algorithm 2) to obtain state representation function estimate (Mt)tho

and latent state estimates (zgi))fg}] i1, 50 that the data are converted to

Dstate = (Z((]i)l u(()i)/ Céi)/ oo /Zg'z"),’l/ ug'z'.),1/ C’(]f),]/ Z’gf)/ Cg'l")):‘,l:l
4: Run SYSID(Dstate) (Algorithm 3) to obtain system parameter estimates ((At, Bt)fgol, (Qt)tTZO)
5. Find feedback gains (K;)/ ' from ((A¢, By, R}) =, (Q¢)I,) by RDE (2.4)
6: Return: policy 7t = (M, K;)[ -}

call our method direct latent model learning is that compared with Markov parameter-based
approaches for linear systems, our approach directly parameterizes the state representation
function, without exploiting the structure of the Kalman filter, making our approach closer to
empirical practice that was designed for general RL settings.

Reference (Subramanian et al., 2020) proposes to optimize a simple combination of cost and
transition prediction errors to learn the approximate information state (Subramanian et al., 2020).
That is, we parameterize a state representation function by matrices (M;)!_, and a latent model
by matrices ((A, Br)[ =), (Q¢)]_,) and then solve

. T n (i)
mln(Mth’bt)Z“ZU,(At,Bt)Z";Ol tho Zi:1 lt 7 (31)

where (b;)]_, are additional scalar parameters to account for noises, and the loss at step ¢ for
trajectory i is defined by

1 = (1M, + a3 + b — o) + | Moy — A — B |, (32)

for0 <t < T-1and Z(Tl) = (||MTh¥)||éT + br — cg))z. The optimization problem (3.1) is
nonconvex; even if we can find a global minimizer, it is unclear how to establish finite-sample
guarantees for it. A main finding of this work is that for LQG, we can solve the cost and
transition loss optimization problems sequentially, with the caveat of using cumulative costs.

Our method is summarized in Algorithm 1. It has three steps: cost-driven state representation
function learning (CoREL, Algorithm 2), latent system identification (SysIpb, Algorithm 3), and
planning by RDE (2.4).

This three-step approach is very similar to the World Model approach (Ha and Schmidhuber,
2018) used in empirical RL, except that in the first step, instead of using an autoencoder to learn
the state representation function, we use cost values to supervise the representation learning.
Most empirical state representation learning methods (Hafner et al., 2019b,a; Schrittwieser et al.,



Algorithm 2 CoREL: cost driven state representation learning

1: Input: raw data Dr.y, singular value threshold 6 = @((¢(dy + d))'/?d%/*n~1/4)
2: Estimate the state representation function and cost constants by solving (Nj, @t)tT:o €

N 2
& + b — EE”) , (3.3)

0.0 ) ML
argmin E E (H Yo.rr Uy, 1)]HNt + ) lu|
T=t

(Nt NT ht)t 0 -

wherek=1for0<t<I—landk=mA(T—t+1)for{ <t<T
3: Find M; € R%*((+1)dy+1du) such that M, M; is an approximation of N
4 Forall 0 <t <{—1,set M; = TRUNCSV(M;,6); forall £ <t < T, set M; = M;

5: Computezf) Mt[y(()z, ()( )]forallt—O L,Tandi=1,...,n

6: Return: state representation estimate (M;)!_, and latent state estimates (2 E)) 1201

Algorithm 3 SysIp: system identification
(i) @) () @ G L0 ) ()) »

1: Input: data in the form of (z,",uy’,¢y’, ..., 27 1, Up 1, €7 1,27, Cp
2: Estimate the system dynamics by (A, Bf)t:@ € > pick min. Frobenius norm solution by
pseudoinverse

¢ (i i) ()
argmin Y_ Y || Aiz,"” + Bay” — 2,4 |17 (34)
(At/Bt),T;[)l t=0 i=1

3: ForallOSt§€—1andtzz,setgtzldx
4: Forall ¢ <t < T —1, obtain Q; by Qt,@t €

argmmz 127113, + [l 13 + b — )2, (3.5)
Qt Q[ btl

and set Q; = Umax(A,0)U ", where Qt UAU' is its eigenvalue decomposition
5. Return: system parameters ((A;, B)/ -, (Q1)],)

2020) use cost supervision as one loss term; the special structure of LQG allows us to use it alone
and have theoretical guarantees.

CoREL (Algorithm 2) is the core of our algorithm. Once the state representation function
(M;)L_, is obtained, SysIp (Algorithm 3) identifies the latent system using linear and quadrat1c
regression, followed by planning using RDE (2.4) to obtain controller (Kt)thel from ((At, B, R*)t:O ,
(Q1)L,). SysIp consists of the standard regression procedures; the full algorithmic detail is
shown in Algorithm 3. Below we explain the cost-driven state representation learning algo-
rithm (CoReL, Algorithm 2) in detail.



3.1 Learning the state representation function

The state representation function is learned via CoReL (Algorithm 2). Given the raw data con-
sisting of n trajectories, COREL first solves the regression problem (3.3) to recover the symmetric
matrix N;. The target ¢; of regression (3.3) is defined by

Cti=C+Cry1+ ...+ Crik1,

where k = 1 for0 <t < ¢—1landk = mA(T—t+1) for ¢ <t < T. The superscript in
Egl) denotes the observed ¢; in the ith trajectory. The quadratic regression has a closed-form
solution, by converting it to linear regression using [|v|2 = (vo', P), = (svec(vv"),svec(P)).

Why cumulative cost? The state representation function is parameterized by (M;)!_, and the
latent state at step t is given by z; = M;h;. The single-step cost prediction (neglecting con-
trol cost ||ut||%<? and constant b;) is given by HZtH%gt = hf M/ Q;M;h;. The regression recovers

(M;)T Qi M} as a whole, from which we can recover (Q;})!/?2M; up to an orthogonal transfor-
mation. If Q; is positive definite and known, then we can further recover M; from it. However,
if Qf does not have full rank, information about My is partially lost, and there is no way to
fully recover M; even if Q; is known. To see why multi-step cumulative cost helps, define
Q; = Ykl ®],Qid; for the same k above. Under zero control and zero noise, starting
from x; at step t, the k-step cumulative cost is precisely th||2@. Under the cost observability

assumption (Assumption 3), (Q; )7, are positive definite.

The normalized parameterization. Still, since Q; is unknown, even if we recover (M;) T Q; M}
as a whole, it is not viable to extract M; and Q: . Such ambiguity is unavoidable; in fact,
for every Q; we choose, there is an equivalent parameterization of the system such that the
system response is exactly the same. In partially observable LTI systems, it is well-known that
the system parameters can only be recovered up to a similarity transform (Oymak and Ozay,
2019). Since every parameterization is correct, we simply choose Q; = I, which we refer to
as the normalized parameterization. Concretely, let us define x; = (Qf)l/ 2x;. Then, the new
parameterization is given by

’

Xpq = A7+ B ur+wy, oy =Cilxp o, (X, u) =||x é;,%—ﬂu\%{?,

and ¢ (x') = ||x’||%Q?),, where for all t > 0,

—k —k\ —k =*\ —
V= (Q) PANQ) TV BY = (Q)'?BE, O =CHQ) YA,
— —k\ _ =k
w; = (Qr)Pwr, (QF) = (Q)2Qr(Q) 12
It is easy to verify that under the normalized parameterization the system satisfies Assump-
tions 1, 2, 3, and 4, up to a change of some constants in the bounds. Without loss of generality,

we assume system (2.1) is in the normalized parameterization; if not, the recovered state repre-
sentation function and latent system are with respect to the normalized parameterization.

Low-rank approximate factorization. Regression (3.3) has a closed-form solution; solving it
gives (Nt, bt)tT:o- Constants (bt)tT:o account for the variance of the state estimation error, and are
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not part of the state representation function; dj, x dj, symmetric matrices (N;)L ; are estimates
of (Mj)"M; under the normalized parameterization, where d, = (t+ 1)d, + td,. M; can
only be recovered up to an orthogonal transformation, since for any orthogonal S € R,
(SM;)TSM; = (M) " M.

We want to recover M; from N; such that N; = ]\7115T M;. Let UAUT = N; be its eigenvalue
decomposition. Let £ := max(A,0) be the positive semidefinite diagonal matrix containing
nonnegative eigenvalues, where “max” applies elementwise. If d;, < d,, we can construct
M; = [ZY2U7T;0(4,—4,)xa,) by padding zeros. If d), > d., however, rank(N;) may exceed d;.
Without loss of generality, assume that the diagonal elements of X are in descending order. Let
24, be the left-top d, x dy block of ¥ and U, be the left d, columns of U. By the Eckart-Young-
Mirsky theorem, M; = Zbli: ZUde provides the best approximation of N; with M,'M; among
d, X dj, matrices in terms of the Frobenius norm.

Why singular value truncation in the first / steps? The latent states are used to identify
the latent system dynamics, so whether they are sufficiently excited, namely having full-rank
covariance, makes a big difference: if not, the system matrices can only be identified partially.
Proposition 2 below confirms that the optimal latent state z; = M;h; indeed has full-rank
covariance for t > /.

Proposition 2. If system (2.1) satisfies Assumptions 2 (controllability) and 4 (reqularity), then under
control (ur)[), where uy ~ N(0,021), omin(Cov(z})) = Q(v?), M} has rank dy and omin(M}) =
Qvt=V2) forall ¢ <t < T.

Proof. For ¢ <t < T, unrolling the Kalman filter gives
z{ = A{ 1z 1 + B quea + Liiy
— A;kil (A;k_zz;:_z + B;k_zutfz + L;kflit—l) + B:ﬁlut_l + L;klt
= [Bi1, o Al Al AL Bl g1 o] + AV A Az
+[LE - AL AL Af—fHL:—fH] [it; -5 ir—04a,

where (uT)tT;lt_g, z; _,and (iT)fT:tfHl are independent. The matrix multiplied by [u;_1;...; 1]

is precisely the controllability matrix ®; ; ,. Then
Cov(z{) = Elz; (z) '] = Oy Ellur—1; . s J[e—1;. s ue—e] (D1 0)
= 0 @1 (1) "
By the controllability assumption (Assumption 2), Cov(z;) has full rank and
Omin(Cov(z})) > o212
On the other hand, since z; = M;h;,
Cov(z{) = E[M;hih{ (M})"] < Omax(B[heh{ )My (M) T

Since hy = [yo.t; Uo.(;—1)] and (Cov(y:)){_y, (Cov(ut)) [, have O(1) operator norms, by Lemma 8,
|Cov(hy)|| = ||E[hsh/ ]| = O(t). Hence,

0 < 72v* < Omin(Cov(z})) = O(t)oﬁx(Mf).
This implies that rank(M;) = d, and omin (M;) = Q(vt~1/2). 0
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Proposition 2 implies that for all / <t < T, N; has rank dy, so if dy is not provided, this gives
a way to discover it. For £ < t < T, Proposition 2 guarantees that as long as M; is close enough
to M, it also has full rank, and so does Cov(M;h;). Hence, we simply take the final estimate
M; = M;. Without further assumptions, however, there is no such a full-rank guarantee for
(Cov(z))!Zy and (M;){Zl. We make the following minimal assumption to ensure that the
minimum positive singular values (c;". (Cov(z})))!Z} are uniformly lower bounded. Note that
(Cov(z}))!Z¢ are not required to have full rank.

Assumption 5. For 0 <t </{¢—1,0. (M;)>p > 0.

Still, for 0 < t < ¢ —1, Assumption 5 does not guarantee the full-rankness of Cov(]\71tht),
not even a lower bound on its minimum positive singular value; that is why we introduce
TRUNCSV that truncates the singular values of M; by a threshold 6 > 0. Concretely, we take
M; = (g, +o0) (Zl/ Ho Zl/ 2)le Then, M; has the same singular values as M; except that those

below 6 are zeroed. We take 0 = @ ({(d, +d,,)d>/4n~1/4 log'/#(1/p)) to ensure a sufficient lower
bound on the minimum positive singular value of M;, without increasing the statistical errors.

4 Theoretical guarantees

Theorem 1 below offers a finite-sample guarantee for our approach. Overall, it confirms cost-
driven latent model learning (Algorithm 1) as a viable path to solving LQG control.

Theorem 1. Given an unknown LQG system (2.1), under Assumptions 1, 2, 3, 4 and 5, if we run Algo-
rithm 1 with n > poly(T,dy,dy,dy,1og(1/p)), then with probability at least 1 — p, state representation
function (Mt) _oispoly(¢,dy,dy,dy)n —1/% optimal in the first £ steps, and poly(v=", T, d,, dy, d,)yn=1/2
optimal in the next (T — {) steps. Also, the learned controller (Kt)th’Ol is poly (£, m,dy,d,, d,)cin=1/4
optimal for some dimension-free constant ¢ > 0 depending on system parameters in the first { steps, and
poly(T,m,dy,dy,dy,log(1/p))n~" optimal in the last (T — {) steps.

From Theorem 1, we observe a separation of the sample complexities before and after time step
¢, resulting from the loss of the full-rankness of (Cov(z;))/_} and (M;)‘Z}. In more detail, a
proof sketch goes as follows. Quadratic regression guarantees that N; converges to N; at a rate
of n71/2 for all 0 < t < T. Before step ¢, M; suffers a square root decay of the rate to n~1/4
because M; may not have rank d,. Since (zt)g ! may not have full-rank covarlances, (A*)t 0
are only recovered partially. As a result, (K )Z ! may not stabilize (A}, B;)!_}, causing the
exponential dependence on /. This means if n is not big enough, this controller may be inferior
to zero control, since the system (A;‘,B;‘)f;é is uniformly exponential stable (Assumption 1)
and zero control has suboptimality gap linear in £. After step £, M; retains the n~1/2 sample
complexity, and so do (A;, B); the certainty equivalent controller then has an order of 1~
suboptimality gap for linear quadratic control (Mania et al., 2019).

Theorem 1 states the guarantees for the state representation function (M;)!_, and the controller
(Ry)[Z separately. One may wonder the suboptimality gap of 7t = (M, K;)[_;' in combination;
after all, this is the output policy. The new challenge is that a suboptimal controller is applied
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to a suboptimal state estimation. An exact analysis requires more effort, but a reasonable
conjecture is that (M;, K;)[— has the same order of suboptimality gap as (K;)/_: before step ¢,
the extra suboptimality gap resulted from (M;)!_} can be analyzed by considering perturbation
Ki(M; — M;)h; on controls; after step ¢, similar to the analysis of the LQG suboptimality gap
in (Mania et al., 2019), the overall suboptimality gap can be analyzed by a Taylor expansion of

the value function at (M;,K;)! "}, with (KiM; — K;M;)/- being perturbations.

4.1 Proof of Theorem 1

Proof. Recall that Algorithm 1 has three main steps: state representation learning (CoREL, Al-
gorithm 2), latent system identification (SysIp, Algorithm 3), and planning by RDE (2.4). Cor-
respondingly, the analysis below is organized around these three steps.

Recovery of the state representation function. By Proposition 3, with u; = N(0,02I) for all
0 <t < T-1to system (2.1), the k-step cumulative cost starting from step ¢, where k = 1
for0 <t </{—1landk =mA(T—t+1) for £ <t < T, is given under the normalized
parameterization by

t+k—1
T=t

Gi=citet oo = 2P+ Y [uellRe + be + 21,

where by = O(k), and & is a zero-mean subexponential random variable with ||e; |y, = O(kdL/?).
Then, it is clear that Algorithm 2 recovers latent states z;’ = M;'h;, where 0 < t < T, by a com-
bination of quadratic regression and low-rank approximate factorization. Below we drop the
superscript prime for notational simplicity, but keep in mind that the optimal state represen-
tation function (M;)L,, the corresponding latent states (z;)L,, and the true latent system

parameters ((A}, Bf)./', (Qf)L,) are all with respect to the normalized parameterization.

Let N := (M;) " M;j for all 0 < t < T. For quadratic regression, Lemma 2 (detailed later) and
the union bound over all time steps guarantees that as long as n > aT*(d, + d,,)* log(aT®(d, +
dy)?/p)log(T/p) for an absolute constant a > 0, with probability at least 1 — p, for all 0 < t <
T,

IN; — Ni || p = O(kt?(dy + dy)2dY 20~ 2 10g" 2 (1/p)).

Now let us bound the distance between M; and M;. Recall that we use d, = (t + 1)d, + td,
as a shorthand. The estimate N; may not be positive semidefinite. Let Ny = UAU' be its
eigenvalue decomposition, with the dj x dj, matrix A having descending diagonal elements.
Let ¥ := max(A,0). Then N; =: UZU ' is the projection of N; onto the positive semidefinite
cone (Boyd and Vandenberghe, 2004, Section 8.1.1) with respect to the Frobenius norm. Since
Ny =0,

INe = N¢ llF < 11K = N¢ [ F-

The low-rank factorization is essentially a combination of low-rank approximation and matrix
factorization. For d;, < d,, M; =: [Zl/ 2UT;O(dX_dh)th] constructed by padding zeros satisfies
]\7ItTZ\7It = N;. For d, > d, construct M, =: Z}ilel;lz, where Y is the left-top d, x dy block
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in ¥ and Uy, consists of d, columns of U from the left. By the Eckart-Young-Mirsky theorem,
M M, = Uy, dell; satisfies

||M:Mt—ﬁt”p: min ||N—Nt||1:.
NE]RdhX’ih,rank(N)gdx

Hence,
IM{ My = N{ ||p < | M My — Nil[p + [Ny = Nf ||
<2|IN; — Nf|[r < 2| Ny — Nf I
= Okt (dy + d,,)*dY*n =12 10g' 2 (1/ p)).
From now on, we consider 0 < t < /—1and ¢ <t < T separately, since, as we will show, in
the latter case we have the additional condition that rank(Mj) = d,.
For0 <t </¢—1,k=1. By Lemma 4 to be proved later, there exists a dy x d, orthogonal matrix
St, such that [|[M; — S;M||» < || My — S:Mf||r = O(t(dy + d,)d¥ *n~1/4 log'/#(1/p)). Recall that
M = TRUNCSV (M, 6); that is, My = (Ijg 1) (Zy/?) © Z}/*)U] . Then
My — Mill2 = [[(Tg 100y (Z3/%) O ZY/ 2 = £Y2) U, |12
< [T 4o (2472 © 2 =222 < 6.
Hence, the distance between M; and M satisfies
|M: — SiMi |2 = || M; — Mi + My — SeM; |2
< || My — Myl + || M; — SiM; |12
<0+ O(H(dy, +dy)d¥ 4n"410g' 4 (1/p)).

 should be chosen in such a way that it keeps the error on the same order; that is, 6 =
O(t(dy +dy)d3/ 4n=1/4 log'/4(1/p)). As a result, since 2, = M;h; and z} = M:h,,

120 = Sezp | = [ (M — SiMi) || < (| My — SeMy |2 e

Since ht = [yo.t; “0:(t—1)] whose ¢-norm is sub-Gaussian with its mean and sub-Gaussian norm
bounded by O((t(dy + dy))'/?), |2 — Siz}|| is sub-Gaussian with its mean and sub-Gaussian
norm bounded by

O((t(dy + du))S/Zd?cM?rl/4 1081/4(1/p))~

On the other hand, threshold 6 ensures a lower bound on o (Y, zgi) (zgi))T). As shown in

the proof of Lemma 5, this property is important for ensuring the system identification outputs
Ay and B; have bounded norms. Specifically,

(oi;m t Umin Zi:l ht tZ)>T)
(i)

= 60>-Qn) = Q6*n),
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where (i) holds with probability at least 1 — p, as long as n > alog(1/p) for some absolute

constant a > 0. This concentration is standard in analyzing linear regression (Wainwright,
2019).

For { <t < T, k < m. By Proposition 2, Cov(z;) has full rank, omin(Cov(z})) = Q(v?) and
Omin(M;) = Q(vt~1/2). Recall that for £ < t < T, we simply set M; = M;. Then, by Lemma 3,
there exists a dy x dy orthogonal matrix S;, such that

1M = S:M [|F = O (07 (M) IM[” My — Ni ||
= O w2 (dy +dy) > log 1/ p))
which is also an upper bound on || M; — S;M; ||>. As a result,
12 = Sezill2 < [|Mr — SeM; |2 e ],

from which we have that ||2; — S;z7||2 is sub-Gaussian with its mean and sub-Gaussian norm
bounded by

O 'mt3(dy + du)*dY*n=1210g"*(1/p)).
Consider
| 27T = 5= (D) TS, = Hy (7] + 1O - 2 = i)
(i)

= ndy/21og!?(n/p) - |2 = $i(z1) 7],

where (i) holds with probability 1 — p. Hence, there exists an absolute constant ¢ > 0, such that
if n > cv=m?TO(d, + dy)>d2log?(n/p),
Omin (g 21 (87) 1) 2 Ouin (Y1 1<zt><><<zt><>>T)
- HZZ 1Z At -5 (Zt)()((zt)('))TStTH
= ‘Tmin(zzl 1(Zt)()<(zt) ) )/2 = (VZ”)-
This is needed for the analysis of latent system identification in the next step.
Recovery of the latent dynamics. The latent system (A}, Bf )T ! is identified in Algorithm 3,

using (25” ) 1N={t:O produced by Algorithm 2, by ordinary least squares. Recall from Proposition 1

that z; | = Ayz{ + Bju; + Liy1ir41. With the transforms on z} and z} ;, we have
Sir1zi1 = (Si+1AFS/ )Sizf + SpaBius + SaLigaiesa,

and (z}) " Qjz; = (Siz}) 'S1Q; S/ Sizf. Under control uy ~ N (0,021 ) for 0 < t < T —1, we
know that z} is a zero-mean Gaussian random vector; so is S;z;. Let f = E[S;z}(z})"S/'] be
its covariance.

For 0 <t < /-1, we need a bound for the estimation error of rank-deficient and noisy
linear regression. By Lemma 5, there exists an absolute constant ¢ > 0, such that as long as
n > c(dy +d, +log(1/p)), with probability at least 1 — p,

I([At, Bi] — [St+1AfS), Se1Bf))diag ()2, 0uly,) |2
= O((1+ Bzt — Sizf|| log" /> (n/ p) +n~Y2(dy +dy +log(1/p))?),
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which implies
(At — Se1ArS! ) (Z) Y2l = O((1+ B7) (H(dy + du))¥ 23 *n 4 10g> *(n/ p)),

which is also a bound on ||B; — S;11B} |-

For ¢ <t < T —1, by Lemma 6, with probability at least 1 — p,

I[A¢, Bi] = [Si+1AFS, St41B;] 12
= O((v" + 0. ") (12 = Sezi || log 2 (n/p) +n 12 (dy + du +1og(1/p))'?)),

which implies
|A; — S 1AS! || = o((1 +v72) (mt(dy + dy)*/dL/? 1og1/2(1/p))n*1/2),

which is also a bound on ||B; — S; 1B} ||2. We note that since the observation of u; is exact, a
tighter bound on ||B; — S;.1B; |2 is possible; we keep the current bound since it does not affect
the final bounds in Theorem 1.

By Assumption 3, (Qf)f;g and Q7 are positive definite; they are identity matrices under the
normalized parameterization. For (Q:‘)th}l, which may not be positive definite, we identify
them in SysIp (Algorithm 3) by (3.5). By Lemma 2,
1Q = 5:Qi 8! ||r = O(md3 log(n/p) - mt* (dy + d)*/*dy>n' log!%(1/ p)
+ d2md?n=210g?(1/p))
= O(m?#(dy +d,)> 28y *n 2 10g' ?(1/p)),
where we have used v = Q(1). By construction, Q; is the projection of Q: onto the positive

semidefinite cone with respect to the Frobenius norm (Boyd and Vandenberghe, 2004, Section
8.1.1). Since StQ;‘StT =0,

10 — $:Q; S IIF < 11Qr — S:Q; S/ ||

Certainty equivalent linear quadratic control. The last step of Algorithm 1 is to compute the
optimal controller in the estimated system ((At, B;, R;k)th_Ol, (Qt)tT:O) by RDE (2.4).

RDE (2.4) proceeds backward. For ¢ < t < T —1, ||A; — S;11A7S] |2, ||Bt — Si+1Bf |2 and
Q¢ — S1Q;'S/ |2 are all bounded by

(’)(mZT?’(dy + du)5/2d,5€/2n_1/2 log(l/p)l/Z).

By Lemma 10 on certainty equivalent linear quadratic control, for n > poly(T, d, dy, d,,log(1/p)),
where hidden constants are dimension-free and depend polynomially on system parameters,
the controller (K;)/~/} is e-optimal in system ((S;+1A;S; ', Se1B;, Ry) 2}, (S:Q; S/ )L ), for

€ = O((dy Ady)(dy + dy)’dom*T" log(1/p)n), (4.1)
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that is, if
n > cm*(dy + dy)°dST log(1/p)e?,

for a dimension-free constant ¢ > 0 that depends on system parameters.

For 0 <t < ¢—1, (K){Z} and (K;)!Z} are optimal controllers in the /-step systems with
terminal costs given by Py and P;, respectively, where Py and P; are the solutions to RDE (2.4)
in systems ((Ar, By, RY)[Z, (Q1)p) and ((S1+1A7S; 1, SeraBi, RY) [y (8:Q5 S )ig) at step £,
respectively. By Lemma 10,

1B = P} ]2 = O(mP#(dy + du)*?dy/*n 1 log!2(1/p)),

which is dominated by the n~'/* rate of ||(A; — S;11AFS,)(Z:)Y?|l, and ||B; — S;41B; |2 for 0 <

t <{—1. Then, by Lemma 9, (Kt)f;é is e-optimal in system ((StHA;‘S[l, St+1Bf, Rf)f;é, (SthStT)f;é)

with terminal cost matrix P/, for

€= O(afdx(E(dy + )28 4 4 10g? (0 / p) + dy(dy + dy +log(1/p))2n~1/2))
= O(d/*(4(dy + ) 2a'n 4 10g* *(n/p)), (4.2)

where dimension-free constant a > 0 depends on the system parameters; that is, if
n > aods(dy + d,)°1%a% log®(n/p)e,

for some dimension-free constants ap, a; > 0 that depend on system parameters. The bound (4.2)
is worse than (4.1), because for 0 < t < ¢ —1, z{ does not have full-rank covariance, and
Si+1A;S] is only recovered partially. Even with large enough data, linear regression has no
guarantee for ||A; — S;,1A}S, |2 to be small; we do not know the controllability of (A;, B;)!Z},
not even its stabilizability. O

Next, we provide several key technical lemmas regarding the regression and factorization pro-
cedures used in our algorithm.

4.2 Quadratic regression bound

As noted in Section 3.1, the quadratic regression can be converted to linear regression using
|h]|3 = (hhT,P). = (svec(hh"),svec(P)). To analyze this linear regression with an intercept,
we need the following lemma. We note that a similar lemma without considering the intercept
has been proved in (Jadbabaie et al., 2021, Proposition).

Lemma 1. Let (h(()i) )i, be n independent observations of the d-dimensional random vector hy ~

N(0,1;). Let fo(i) = svec(h(()i)(h((f))T) and f(()i) = [féi);l]. There exists an absolute constant a > 0,
such that as long as n > ar*log(ar®/p), with probability at least 1 — p,

Omin < Z:Z:l 7(()1) (7(()1))T) = Q(d_lﬂ).
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Proof. Let fo = svec(hohy ) and f, = [fo;1]. We first show that Amin (E[f 7T]) is lower bounded.

Consider
- 214(4-1)/2 0 0
5 _ _ T
S=FE[ff |= 0 20y +141] 1y
0 1] 1

To lower bound its smallest eigenvalue, let us compute its inverse. By the Sherman-Morrison
formula,

(21;) 1141 ] (21) 7

_1 1 1 T
1+172)"11 2

- 117,
2d+4 9

(2I; +141) 7t = 2Lyt - f

Then, by the inverse of a block matrix,

[21d+1d1; 1d] o [ I —1d]
=2 ,

1] 1 —-1; d+2
Therefore,
172 < %(Hld(d—l)/ZHZ + [ Lall2 + 2] = Lall2 + [|d +2[]2)
= %d+d1/2+2 < 4d.
Hence,

Amin(E) = |7 51 > (4d) " = Q(d ™).

Then, with the similar concentration arguments to those in (Jadbabaie et al., 2021, Appendix
A.1), we can show that with probability at least 1 — p,

Amin(Ey Fo) = Q(d'n).
O

Lemma 1 lower bounds the minimum singular value of a matrix that contains the fourth powers
of elements in standard Gaussian random vectors. The following lemma is the main result in
Section 4.2.

Lemma 2 (Quadratic regression). Define random variable ¢ := (h*)" N*h* + b* + e, where h* ~
N(0,%,) is a d-dimensional Gaussian random vector, N* € R4 js g positive semidefinite matrix,
b* € R is a constant and e is a zero-mean subexponential random variable with ||e||y, < E. Assume that
|N*||2 and ||Z||2 are O(1). Let omin(Z2/?) > B > 0. Assume that B = Q(1). Define h := h* +
where the noise vector & can be correlated with h* and its €, norm is sub-Gaussian with E[||6]]] < €,
l6lllys < €. Assume that e < min((dl|Z."/2),a(B A 1)d—>2|E. |Y2(1og(n/p)) ) for some
absolute constant a > 0. Suppose we get n observations h) and c) of h and c, where ((h*)(i))l’.‘:1 are
independent and (6M)_, can be correlated. Consider the regression problem

N,b € argmin Z?:l(c(i) — | D)3 = b)2. (4.3)
N=NT b
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There exists an absolute constant ag > 0, such that as long as n > aod* log(aopd®/p)log(1/p), with
probability at least 1 — p, ||N — N*||r and |b — b*| are bounded by

O((d(1+ Ed"?) log(n/p) + |b*[))e + En~""210g > (1/p)).
Proof. Regression (4.3) can be written as

mm Zl L — (svec(hD (h)T) Tsvec(N) — b)z.

svec

Let () := svec(h (h())T) denote the covariates and JT - [f();1] denote the extended covari-
ates. Defme (F) and (F7)® similarly by replacing hY) with (h*)(). Then, regression (4.3) can
be written as

mm Zz L (V= (f) Tsvec(N )—b)z. (4.4)

SVeC
Let F := [7(1), e ,7<n)]T be an n x @ matrix whose ith row is (?(i))T. Define F' similarly
by replacing 7(1) with (f*)(i). Solving linear regression (4.4) gives
fo[svec(N); b = Z:;l f(i)c(’)

Substituting ¢ = (")) T [svec(N*); b*] + () into the above equation yields

=T N w x| BT

F F[svec(N);b] = F F [svec(N*);b*| +F ¢, (4.5)
where ¢ denotes the vector whose ith element is e(!). Rearranging the terms, we have

fo[svec(N —N*);b—b*] = fT(f* — F)[svec(N*); b*] + F'e (4.6)

Next, we show that F'F is invertible with high probability. We can represent h* by X1/2h,
where hy ~ N(0,1;) is an d-dimensional standard Gaussian random vector. Correspond-

ingly, an independent observation (h*)() can be expressed as X!/ 2h(i) where h((]i) is an inde-
pendent observation of hg. It follows that h*(h*)" = 21/2h0hT21/2 and (h*)( )((h*)(i))T =

Zi/zhéi) (hg))TZ}F/Z. Define fy := svec(hohg ), fo( = svec(h(())(h(g)) ), and Fy := [fo S ,fén)]T

be an n X @ matrix whose ith row is ( féi))T. Define f,, f0 and F as the extended counter-

parts. Then,
f =svec(hh") = svec(ZY 2hohg £1/2) = (12 @4 £1/%)svec(hoh] ) = @ fo,

where ®* := 21/2 @, ¥1/2 is (dH) X M matrix. Then, F* = Fy(®*)". By the properties of
the symmetric Kronecker product (Schacke, 2004),

Omin (P*) = ‘Tmin(z}km) = Omin(Zs) = B > 0.
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By Lemma 1, there exist absolute constants ag,a; > 0, such that if n > agd*log(aod?/p),
with probability at least 1 — p, Amin(Fg Fo) > a1d~'n. Since f = diag(®*,1)f, and F =
Fodiag((®*)7,1),

Amin(F)TFY) > omin(diag(®*,1))%a1d n = (B> A 1)ayd'n.
By Weyl’s inequality,
|Gimin(F) = Omin(F )| < |[F = F |2 = |[F = F|)>.
Hence, we want to bound ||F* — F||, which satisfies
IF* = FlI3 < |F* = FIIF = 30, 1) D (1)) T = hD (hO) T2,
Since h*(h*)" — hh' has at most rank two, we have

n* (h*) " = Bh [ < V2|1 ()T — kT
= |1 (" = )"+ (h* = h)h"
< ([IB* + {1l

Since h* ~ N(0,%.), ||h*| is sub-Gaussian with its mean and sub-Gaussian norm bounded
by O((d||Z.]|)/?). Since ||5|| is sub-Gaussian with its mean and sub-Gaussian norm bounded
by € < (d||Z.]])'/2, we conclude that ||[h*(h*)T — hhT||F is subexponential with its mean and
subexponential norm bounded by O(e(d||Z.||)'/?). Hence, with probability at least 1 — p,

I (h*) " = hh |} = O(e*d|| 2| 1og? (n/ p)).
Therefore,
IF* = FlIF = 30, ()OO = hOnD) T} = O(e2d||Zi]|anlog?(n/ p)).
It follows that
IF* = Fll2 = O(e(d|[s]|2n) !/ log(n/p)).
Hence, there exists some absolute constant 2 > 0, such that as long as
e <a(pA1)d 2|2 (log(n/p) ",
we have
|0min (F) — Omin (F*)| < (BAD)ayd™/?n'/2/2.
It follows that

Amin(F ' F) = Q((B2A1)d1n) = Q(d 'n).
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Now, we return to (4.6). By inverting T'F, we obtain

A~

| [sveC(N — N*);b—b"]|]

IF(F" — F)[svec(N*);b*] + F ||
IF"(F* — F)[svec(N*); b*] || + | F'e]l. (4.7)
) T

IN

Term (a) is upper bounded by

Omin(F) || (F" = F)[svec(N*); b"] || = O(0min(F)~")[|(F* — F)svec(N*) +1,b7] |
= O((d"n ) (II(F* — F)svec(N*) || + [[1,67])-

Using arguments similar to those in (Mhammedi et al., 2020, Section B.2.13), we have

|(F* — F)svec(N*)||*> = i <svec((h*)(i)((h*)(i))T) - svec(h(i)(h(i))T),svec(N*)>

i=1
Dy (000 ()T WO, N

(ii) n * (1 *\ (7 j i
< INFIEY 1) O () D) T —rO () T2

F

(i) o .

< 2INFIB Y 1) O () )T = RO (RO) TR

= 2[|N*|lZllF* - FII,
where (-, -) denotes the Frobenius product between matrices in (i), || - || denotes the nuclear
norm in (ii), and (iii) follows from the fact that the matrix (h*)®((h*))T — KO (LO)T has
at most rank two. Combining with [|1,b*|| = nl/2||b*||, we obtain that the term (a) in (4.7) is
bounded by

O(d" 2012 (IN*|l2- e(d[|Z][2)"/2n' 2 1og (n/ p) +n'?[[b7])))
= O(dlog(n/p) + [[b*[)e).

Now we consider term (b) in (4.7):
(b) = | el < omin(E B)"YE ¢l = Odn )(|(F—F) el + [ (F) el

Since ¢ is a vector of zero-mean subexponential variables with subexponential norms bounded
by E, ||| = O(En'/?1log(n/p)). Hence,
IF=F) ¢l < [F=Fl2fi]
= O(e(d||Z.|l2n)'/*log(n/ p)) - O(En'/?log(n/p))
= O(dY*Enlog*(n/p)e).

To bound [|(F)T&|| = [|diag(®*,1)F, &]|, note that ||Fy &]| = || 2, 72 e@]|. Consider the jth
component in the summation Z?:l[f((;) Ji(¢)?). Recall that fo = svec(hohy ), so [fy]; is either
the square of a standard Gaussian random variable, /2 times the product of two independent
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standard Gaussian random variables, or one. Hence, [fo]; is subexponential with mean and
I[folilly, both bounded by O(1). As a result, the product [fo]e is 3-sub-Weibull, with the
sub-Weibull norm being O(E). By (Hao et al., 2019, Theorem 3.1),

Y€ = O(En'/210g"2(1/p)).

Hence, the norm of the d(d + 1) /2-dimensional vector F, & is O(dEn'/2log!/?(1/p)). By the
properties of the symmetric Kronecker product (Schacke, 2004), [|[®*[2 = ||IZY2])3 = |22 =
O(1). Then,

|(F)"ell = O(dER"210g/2(1/p)).
Eventually, term (b) is bounded by

O(dn™Y) - O(d"/?*Enlog(n/p)e +dEn'?log/*(1/p))
= O(d**Elog(n/p)e +d*En~1*1og2(1/p)).

Combining the bounds on (a) and (b), we have

Ifsvec(X — N*); b — b°]]
= O((dlog(n/p) + |b°]| +d*Elog(n/p))e + PEn~""log"/(1/p))
— O((d(1+ Ed"/2) log(n/p) + [|b°]))e + d2En " 1og"/2(1/p)),

which concludes the proof. O

4.3 Matrix factorization bound

Given two m x n matrices A, B, we are interested in bounding mingrg_; [|[SA — B||r using
|AT A — BT B||r. The minimum problem is known as the orthogonal Procrustes problem, solved
in (Schoenemann, 1964; Schonemann, 1966). Specifically, the minimum is attained at S = uvr,
where ULV T = BA' is its singular value decomposition.

If m < n and rank(A) = m, then the following lemma from (Tu et al., 2016) establishes that the
distance between A and B is of the same order of ||A" A — B" B||F.

Lemma 3 ((Tu et al., 2016, Lemma 5.4)). For m x n matrices A, B, let 0,,(A) denote its mth largest
singular value. Then

min |ISA = Bllr < (2(v2~ 1)) 20 (4) AT A~ BB

If omin(A) equals zero, the above bound becomes vacuous. In general, the following lemma
shows that the distance is of the order of the square root of the |AT A — B B||r, with a multi-
plicative v/d factor, where d = min(2m, n).

Lemma 4. For m x n matrices A,B, mingrg_, ||SA — B||2 < Vd||ATA — B"B||, where d =
min(2m, n).
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Proof. Let UV = BA" be its singular value decomposition. By substituting the solution UV "
of the orthogonal Procrustes problem, the square of the attained minimum equals

IUVTA = B|2 = <uvTA —BUVTA- B>F
_ 2 2 T
= ||AlI} + |BI} -2 (uv"A,B)
0
= [|Al[} +|[BI[} —2tr(Z)
= |AT Al +|[B"B|l. - 2|[BA"|.,

where (i) is due to the property of U, V.

To establish the relationship between ||ATA||. + ||B"B||« —2||BA" |« and |ATA — B"B||r, we
need to operate in the space of singular values. For m x n matrix M, let (4 (M), ...,0p(M)) be
its singular values in descending order, where d’ = m A n.

In terms of singular values,

AT A+ ||B"B|. —2|[BAT|. g |ATA+B'B|. —2|[BAT].
(i) T T T
2y G(ATA+BTB) —2Y" 0i(BA

where (i) holds since ATA and B'B are positive semidefinite matrices, and in (ii) d :=
min(2m,n) since rank(A"T A+ B"B) < n and rank(A" A+ B"B) < rank(A"T A) +rank(B'B) <
2m. If x >y >0, thenx —y < /x2 —y2. Forall 1 <i <d,20;(BA") < 0;(A" A+ B'B) (Bhatia
and Kittaneh, 1990). Take 0;(A"T A + B'B) as x and 20;(BA ") as y; it follows that

0i(ATA+B"B) —20;(BAT) < \/af(ATA + BTB) —40?(BAT).

Let 0;(BA") := 0 for d’ < i < d. Combining the above yields

d
|AT Al + BTB|l. —2|BAT|l. < Y 1/0R(ATA+ BTB) — 402(BAT)

i=1

(i) 7
< Va\Y cHATA+BTB) ~ 4T 0(BAT)

(i)
< Vd\/|ATA+BTB|2 —4(ATA,BTB),
< Vd|ATA—=BBJF,

where (i) is due to the Cauchy-Schwarz inequality, and (ii) uses
Y1 02 (BAT) = [|BAT|[} = tr(ABTBAT) = tr(ATABB) = (ATA,BTB) .

This completes the proof. O
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4.4 Linear regression bound

A standard assumption in analyzing linear regression y = A*x + e is that Cov(x) has full rank.
However, as discussed in Section 3.1, we need to handle rank deficient Cov(x) in the first ¢
steps of system identification.

The following lemma is the main result in Section 4.4.

Lemma 5 (Noisy rank deficient linear regression). Define random vector y* := A*x* + e, where
x* ~ N(0,%,) and e ~ N(0,%,) are dy and dy dimensional Gaussian random vectors, respectively.
Define x := x* + 6y and y := y* + 6, where the noise vectors 5, and &, can be correlated with x*
and y*, and their {y-norms are sub-Gaussian with E[[|6*||] < ey, |[||0%]|[ly, < €x, and E[||Y]|] < ey,
116Y] |1y, < €. Assume that ||A*||o, |22 and ||Ze||2 are O(1). Let o), (£1/2) > B > 0. Suppose

we get n observations x\ and y) of x and y, where ((x*))1_, are independent and ((5,(51), (5&1) )i, can

be correlated. Assume that o (Y1, xO(x0)T) > 62n, for some 6 > 0 that satisfies 6 = Q(eyx),

min
0 = Q(ey) for absolute constants and 0 has at least n='/* dependence on n. Consider the minimum
Frobenius norm solution

i

A € argmin Z?:l |y — Ax(®2.
A

Then, there exists an absolute constant ¢ > 0, such that if n > c(dy + dx +log(1/p)), with probability
at least 1 — p,

(A= A)EV s = O((B s +,) log!/2(n/p) +n~/2(dy +da + log(1/p))2).

Proof. Let r = rank(Z,) and £, = DD where D € R%"*". We can view x* as generated from
an r-dimensional standard Gaussian g ~ N(0,1,), by x* = Dg; x() can then be viewed as

Dg() + (53@, where (¢(!)"_| are independent observations of g. Let X denote the matrix whose

ith row is (x(i))T ; X*,Y,G,E, Ay, Ay are defined similarly.

To solve the regression problem, we set its gradient to be zero and substitute Y = X*(A*)T +
E + Ay to obtain

AXTX = A"(X*)'X+E"X+A, X.
Substituting X by GD T + A, gives
ADG'GD" + A(DG"A, + ATTGD" +A]A,)
= A'DG'GD' + A*DG Ay + (E" +A))(GD' +A,).
By rearranging the terms, we have
(A—A"DG'GD'
= A'DG'Ay — A(DG" Ay + A, GD" +A;Ay)+ (ET +A,)(GD" +Ay).
Hence,
(A~ A")Dll
=||(A*DG Ay — A(DG Ay +A;GD" + A{Ay)+ (ET +A,)(GD' +A,))(DT)(GTG) ™,
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We claim that as long as n > 16(d; + dy +log(1/p)), with probability at least 1 — 4p, || A, =
O(||A*||2) (Claim 1). Then, since ||D'|2 = (¢, (Z:)) 7t < g7,
I(A—A*)D2
= OB A [l2) (Il Gll2l| Axllz + 8 ID)I(GTG) M l2)
+O)(IGTEll2 + G Ay[l2 + B IEll2 + 18y 2) A+ [1211(GTG) M l2).-

By (Wainwright, 2019, Theorem 6.1), the Gaussian ensemble G satisfies that with probability at
least 1 — p,

IGll2 < (n][1]12)"2 + (1 (1)) * + (2] I |2 1og (1/p)) '/
< nl/2 +d1/2 (210g(1/;?))1/2,
Omin(G) = (”/\mm(lr)) — (tr(1))"* = 2Amin(I) log(l/P))l/z
> n'/? —di/? — (210g(1/p))"?).
Since n > 841 + 161og(1/p), we have |G|l = O(n'/?) and omin(G) = Q(n!/?). It follows that
(GTG)7 Y2 = O(n~!) and ||G*|2 = O(n~1/2). Similarly, ||E|2 = O((||Z¢|l2n)'/?). Note that
AN, =YY", 5§i)((5§i))T. Since ]|(53(Ci)|\ is sub-Gaussian with lE[||5J(CZ)H] < €y and HH(SJ((Z)H g, < €x,

with probability at least 1 — p, H(S,(f) | = O(eylog!?(n/p)). Hence,
[l < Aclle = (L 165717) "7 = O(esn'10g!(n/p)).
Similarly, [|Ay|2 = O(e,n'/?log'/?(1n/p)). Hence,
I(A=A")Dll2 = OB A*]l2)(|ID]l2ex log'*(n/ p) + €; log(n/ p))
+O1)(IG'E|l2 + ey log'*(n/p)

T2 2 + ey log' 2 (n/ p))exlog! 2 (n/ p))
= O(B~[|A||2¢exog"*(n/ p) + ey log!/*(n/ p) + | G'E|2),

where we consider €, and €, as quantities much smaller than one such that terms like e,zc, ExEy
are absorbed into €y, €. It remains to control ||G'E|,. (Mhammedi et al., 2020, Section B.2.11)
proves via a covering number argument that with probability at least 1 — p,

IGYE[2 = O(1)0min(G) M [[Z¢/22(d1 + d2 + 1og(1/p))"/?
= O(n_l/z(dl +dy + log(l/p))l/z).

Overall, we obtain that

[(A—AHZV2|, = |(A - A*)D|)2
= O(B Y| A*||l2ex log"/*(n/p) + €, log"*(n/p)
+n" Y2 (dy +dy +1log(1/p))"/?),

which completes the proof. O
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Claim 1. Under the conditions in Lemma 5, as long as n > 16(d1 + d, +1og(1/p)), with probability
at least 1 — 4p, | A2 = O(||A*||2).

Proof. A minimum norm solution is given by the following closed-form solution of A using
pseudoinverse (Moore-Penrose inverse):
A= (A (X)T+ET+A)X(XTX)"
AY(XTX) T+ (X'E)T + (XTA) T
A*(XTX)T — AY(XTA0) T+ (XTE)T + (XTAy) T

Then
1All2 < lA"[l2 + I XTEll2 + (1A [l2l1 Ax |2 + 18y ]|2) (070 (X)) 7,
where we note that || Xt||> = o}, (X)~! when X # 0. Since of. (X) = (¢, (XTX))V2 > 0n'/2,
(Tmin(X)) T < 07172,
We have shown in the proof of Lemma 5 that with probability at least 1 — 2p,
18+ll2 = O(exn210g!2(n/p)),  [[Byll2 = O(eyn'*1og!(n/p)).

Similar to the proof of Lemma 5, by (Mhammedi et al., 2020, Section B.2.11), with probability
atleast1 —p,

IXTE|l2 = O(1) 0 (X) 1222 l2(d1 + d2 + log(1/p)) '/
= O(67"'n"V2(dy + dy +10g(1/p))"/?).
Combining the bounds above, we obtain

IAll2 < [[A*|l2 + OO n~V2(d1 + da2 +1og(1/p))"/?)
+ O((||A*]|26x + ey)nl/z log'/?(n/p)0~'n=1/?)
= O(||A*]]2(1 + 0 ex log' % (n/p)) + 0 'e, log'/?(n/p))
+ 00 n12(dy +dy 4 log(1/p))'/?).

Hence, as long as 6 = Q(ex), 0 = Q(e,) for absolute constants and 6 has at least n~1/# depen-
dence on 1, || A||, is bounded by c||A* || for an absolute constant ¢ > 0. O

In Lemma 5, if X, has full rank and oiin(Z4) > 8 > 0 and omin (X7 0 (x0)T) = Q(B?n), then

|A— A% = OB (B 'ex+ey)log!/*(n/p) +n/2(d1 + dy +10g(1/p))"/?)).

The following lemma shows that we can strengthen the result by removing the ~! factor
before €.
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Lemma 6 (Noisy linear regression). Define random variable y* = A*x* + e, where x* ~ N'(0,%,)
and e ~ N(0,%,) are dy and dy dimensional random vectors. Assume that ||A* ||z, |22 and ||Ze]|2
are O(1), and omin(XL/2) > B > 0. Define x := x* + 6, and y := y* + 5, where the noise vectors
Oy and 6, can be correlated with x* and y*, and their ¢, norms are sub-Gaussian with E[[|6*||] < ey,
11651 4, < ex and E[||6Y[|] < ey, |116Y]|]ly> < €y. Suppose we get n independent observations x1), )
of x and y. Assume that omin (X xD(x)T) = Q(B?n). Consider the minimum Frobenius norm
solution

A € argmin Z?:l (y® — Ax()2,
A

Then, there exists an absolute constant ¢ > 0, such that if n > c(dqy + d» +log(1/p)), with probability
at least 1 — p,

1A= A%[a = OB ((ex + €,) log2(n/p) + n~/2(dy + da + log(1/p))2)).

Proof. Following the proof of Claim 1, we have
1A = A"Jl2 < A [IIX*Axllz + IXTE]2 + [ X*Ay ]2

Combining with the bounds on || XA, || X*A||> and || X"E|)> concludes the proof. O

5 Concluding remarks

We examined cost-driven state representation learning methods in time-varying LQG control.
With a finite-sample analysis, we showed that a direct, cost-driven state representation learning
algorithm effectively solves LQG. In the analysis, we revealed the importance of using multi-
step cumulative costs as the supervision signal, and a separation of the convergence rates before
and after step ¢, the controllability index, due to early-stage insufficient excitement of the sys-
tem. A major limitation of our method is the use of history-based state representation functions;
recovering the recursive Kalman filter would be ideal.

This work has opened up many opportunities for future research. An immediate question is
how our cost-driven state representation learning approach performs in the infinite-horizon LTI
setting. Moreover, one may wonder about the extent to which cost-driven state representation
learning generalizes to nonlinear observations or systems. Investigating the connection with
reduced-order control is also an interesting question, which may reveal the unique advantage
of cost-driven state representation learning. Finally, one argument for favoring latent-model-
based over model-free methods is their ability to generalize across different tasks; cost-driven
state representation learning may offer a perspective to formalize this intuition.
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A Proposition on multi-step cumulative costs

The following proposition does not appear in the main body, but is important for analyzing
CoREL (Algorithm 2) in Section 4.1.

Proposition 3. Let (z;")]_, be the state estimates by the Kalman filter under the normalized parameter-
ization. If we apply uy ~ N(0,021) forall 0 <t < T —1, then for 0 <t < T,

t+k—1
T=t

wherek = 1for0 <t < {l—1landk = mAN(T—t+1)for ¢t <t <T,b, = O(k), and ¢} is a
zero-mean subexponential random variable with ||e}||y, = O (kdl/?).

Ct:=Ct+Crp1+ ...+ Crpp1 = ”Z:/‘lz +Z

[ ] %z; +b; + ey,

Proof. By Proposition 1, z;"; = A}'z{' + B{'u; + L} ,i; ,, where L}’ ,,i; ; are the Kalman gain
and the innovation under the normalized parameterization, respectively. Under Assumptions 1
and 4, (i})_, are Gaussian random vectors whose covariances have O(1) operator norms, and
(Ly')L, have O(1) operator norms (Zhang and Zhang, 2021). Hence, The covariance of L}/ i},
has O(1) operator norm. Since u; ~ N(0,021), j; := B}'u; + i, can be viewed as a Gaussian
noise vector whose covariance has O(1) operator norm. By Proposition 1,

cr = |1z Gy + lluelk; + b +ei,

where ¢} := 7} + 1, is subexponential with ||¢}||y, = O(d}/?). Let ®}, = A7 A}, A} for
t > tgand <I>§,t = I. Then, for T > ¢,

* Kl =1 7 . . xl % s
ZT - CI)T,tzt + Zs:t cDT,s]S L qDT,tZt +]T,t’

31



where j;; = 0 and for T > ¢, ji ; is a Gaussian random vector with bounded covariance due to
uniform exponential stability (Assumption 1). Therefore,

=Y e
= (@ 2t ol + e 3 + b+ €))
= @) (L @) Tar e )z + o el
+Et+k ' ||];t|2§’+(j/r,t) QY@ 2" + by +e7)
= [|z'|2 + T )R + B+ 2,

where Zt“‘ 1(<I>’ )T Qy @7, = I is due to the normalized parameterization, by = ;J;';‘l(bT +
E[ljz5:]) = O(k), and
t+k—1 5 )
e i’ il *1 3/
= Z (H]THQi’ _IE[H]T ;/] ( ) Q O] tzt +e )
T=t
has zero mean and is subexponential with HEtHzpl - (’)(kd}c/z), .

B Auxiliary results

Lemma 7. Let x ~ N (0,%y) and y ~ N(0,%) be d-dimensional Gaussian random vectors. Let Q be
a d x d positive semidefinite matrix. Then, there exists an absolute constant ¢ > 0 such that

K2 y)olly < eVl Qll/IZx 2112y |12

Proof. Since [(x,y) | = |x"Qy| < [[x[[IQll2llyll.

1 v ollen = 1<x v gy < Ml lIQUNY g, = 11QI2 - [Tyl -

For x ~ N(0,%,), we know that ||x|| is sub-Gaussian. Actually, by writing x = X1/2¢ for
¢~ N(0,I), we have

Mty = M=% Mg < IZ2 0208y = 1527211201814

The distribution of || g||2 is known as x distribution, and we know that |||g|||ly, = ¢'d'/* for
an absolute constant ¢’ > 0 (see, e.g., (Wainwright, 2019)). Hence, ||||x|/|ly, < c'd'/*|Zy Hl/z.
Similarly, [[|y|lly, < ¢'d"/*|[Zyl13". Since [[[Ix[[[[yllllg < 12l llglllylllg. (see, eg., (Vershynin,

2018, Lemma 2.7.7)), we have
1) ol < (€)2VAQll2y/ 4 ]l2]1Zy 2.

Taking ¢ = (¢’)? concludes the proof. O
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Lemma 8. Let x,y be random vectors of dimensions dx, d,, respectively, defined on the same probability
space. Then, ||Cov([x;y])[l2 < [|Cov(x)[|2 + [[Cov(y)]l2-

Proof. Let Cov([x;y]) = DD be a factorization of the positive semidefinite matrix Cov([x;y]),
where D € RU@x+dy)x(dxtdy) et D, and Dy be the matrices consisting of the first d, rows and
the last dy, rows of D, respectively. Then,

Cov([x;y]) = DD'

[Dy; D,)[D;, Dy ]

DyD; DDy
D,D; D,D,

Hence, Cov(x) = D,D; and Cov(y) = DyD, . The proof is completed by noticing that

|[Cov([x;y])|l2 = ID"Dll2 = [|[Dy, Dy ][Dx; Dy] |2
= ||D; Dx + D, Dy|l2
< [|D; Dxll2 4 [|Dy Dyll2
= [|Cov(x)]2 + [|Cov(y)|l2-

C Certainty equivalent linear quadratic control

As shown in Lemma 5, if the input of linear regression does not have full-rank covariance, then
the parameters can only be identified in certain directions. The following lemma studies the
performance of the certainty equivalent optimal controller in this case.

Lemma 9 (Rank deficient linear quadratic control). Consider the finite-horizon time-varying linear
dynamical system x;.1 = Ajx; + Bfu; + w; with unknown (A}, Bf) [

o Assume that (A7) is uniformly exponentially stable (Assumption 1).

o Assume that xo ~ N(0,X0), wr ~ N (0,%,) forall 0 < t < T — 1, are independent, where ¥
and (Zq,){=, do not necessarily have full rank.

e [Instead of x;, we observe x; = x; + dy,, where the Gaussian noise vector 6y, can be correlated with
x; and satisfy ||Cov(dy,)V?|| < eforall 0 <t < T.

o Let ¥y := Cov(x;) and ¥} := Cov(x}) under control uy ~ N(0,021) forall 0 <t < T —1.
Assume ot ((£)2) > B > 0and of, (ZDY2) > 0 > 0forall 0 < t < T, and that
0 = Q(e) with at least n=/* dependence on n.

o Assume (Q}),, (Q1), are positive definite with O(1) operator norms, and ||Q; — Qf|l2 < e
forall0 <t <T.

Collect n trajectories using uy ~ N'(0,021) for some 0, > 0and 0 < t < T — 1. Identify (A;, By)[— by
SysIp (Algorithm 3), which uses ordinary least squares and takes a minimum Frobenius norm solution.
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Let (K;)[Z;) be the optimal controller in system ((A¢, By, Ry)[Z)}, (Qr)L,). Then, there exists an absolute
constant a > 0, such that if n > a(dy + dy, + log(1/p)), with probability at least 1 — p, (K;)[ = is
e-optimal for solving the LQR problem ((Af, Bf, R})[ =y, (Q;)L,) for e =

O(HT((l + :Bil)dxs + dx(dx + du + lOg(l/p))l/znfl/z))/

where dimension-free constant a > 0 depends on the system parameters.

Proof. First of all, we establish that (K;)!—, (K;)IZ) are bounded. Since (Q;)!_,, (Q:)], are
positive definite, the system is fully cost observable By (Zhang and Zhang, 2021), the optimal
feedback gains (Kf)f;ol have operator norms bounded by dimension-free constants depending
on the system parameters. Note that (Zhang and Zhang, 2021) studies the boundedness of the
Kalman filter, which is dual to our optimal control problem, but their results carry over. One
can also see the boundedness from the compact formulation (Zhang et al., 2021), as described
in the proof of Lemma 10, using known bounds for RDE solutions (Komaroff, 1996). The same
argument applies to (K;)]- if we can show (A, B;)!- have O(1) operator norms. SysIp (Al-
gorithm 3) identifies [4;, B ] by ordinary least squares for all 0 < t+ < T — 1. By Claim 1, with
a union bound for all 0 < t < T —1, as long as n > 16(dy +d, + log(T/p)), with probabil-
ity at least 1 —4p, ||[As, Bi]|l2 = O(||[A}, Bf]|l2) = O(1). Hence, with the same probability,
(Ky)[Z}' have operator norms bounded by dimension-free constants depending on the system
parameters. In the following, we assume ||K} |2, ||Kt||2 < xforall0 <t < T—1, where x is a
dimension-free constant that depends on system parameters.

Since ¥ can be rank deficient, we cannot guarantee |A; — A} ||, is small. Instead, for all 0 <
t <T—-1,by Lemma 5,
([Ar, Bi] — [A7, B{])diag (%2, 0ul) = O(0),

where & := (1+ Ve + (dy +dy +log(1/p))"/?n~1/2, and €x,€y,d1,dz in Lemma 5 correspond
to ¢,¢,dy +dy, d, here, respectively. This implies that ||(A; — A?)(Z¢)2||l, = O(8) and ||B; —
Bf|o=0() forall 0 <t <T-1.

Let Z; denote the covariance of x; under state feedback controller (K;)[-}', where ||K| < x
forall 0 <t < T —1. We claim that there exists by > 0, such that &; < b:X;. We prove it by
induction. At step 0, clearly, Eg = Xy. Suppose & < b;X;. For step t +1,

Zep1 = AFZH(A]) T + 7B (B) T 4 Zay,
Biy1 = (Af + BfK)Bi(Af + BiKy) T + Lo,
< 2AFE(AN)T + 2B KEKS (BY)T + 2o,

Hence, for b > 1,
bYiiq — By = (b —2b)A;Zi(A) T +bo?Bf (B) T — 2BfKiEK/ (Bf) .

To ensure by 1X;11 = Zi11, it suffices to take by 11 = max{2,20;,2k?||Z¢|2}b:. Hence, by < aj,
where constant ap > 0 is dimension—free and depends on system parameters. Note that if
(K¢)IZ) stabilizes (A}, Bf)-), then ||Z¢||» = O(1), and the bound on b; can be improved to
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. (Z¢) 71| Et]|2; so the exponential dependence on ¢ results from not knowing whether (Ke) =)
stablhzes the system. By the definition of the operator norm, we have ||(A; — A¥)ZM?||, <
[(Ar — AF)(0:Z)V2|2 = O(b}/25) forall0 < t < T —1.

Let &; denote the covariance of x; under state feedback controller (Kt) i 0 in the system (At, Bt) i 01.

Then, by definition,
|81 — Eera
= [[cai + Bik)E (A + BIK) T+ Eay = (s + BiK)E (A + BiKe) T+, )|
= || car + BrKo)z(A; + BiK)T = (Ar+ Biki)Ee(Ar + Biki) |
+ (A4 BiK) (B — &) (A + Bth)TH

_o(xbl/ZH (A} + BiK)EY? — (A + BiK,) 1/2H )+ 00 +@)|& - &,

where the operator norms of A, B} are O(1) and the operator norms of A;, B; are O(1) with
probability at least 1 — 4p. Since

| (A7 + BK)EY? - (A + BiKy) ”1/2H = ||(Ar = AnEl2 + (B; - BKiE 1/2H
= O(oxb}'?),
we have Hﬁtﬂ - EHle = O(0k%bs + (1 + &) || & — Et[2). Combining with B0 = Eo = %o gives
Hgt — EtHZ = O(bt(m —|-511K2)t(5) = O((az + azKZ)té)

for some dimension-free constants a1,a, > 0 that depend on the system parameters.

Let J((K¢)[=,') denote the expected cumulative cost under state feedback controller (K;)/}' in
system ((A;‘,B;‘,R*)t Y (Qt )t o) and J((Ki)5)') the corresponding expected cumulative cost
in system ((At, By, R*)t 0 (Qt)t o). Notice that

JKDL) = B[ o] = B[ %/ <Qr>'xt}
= B[ (@),
- Zt 0< Q) "“t>F’
where (Q;)" := (Qf + K/ R{K;) for 0 <t < T—1and (Q%) := Q. Similarly, [((K;)5)}) =
ZtT:0< A;, .'::t>F, where QA; = O +K/R;K; for0 <t < T—1and Q’T = Qr. Hence,

U((Kf)z:ol) ‘ = Zt 0< t/‘—‘i’ +Zt 0<Qt/"—‘t_é“t>
= ed, Zt _,O(by) + x%d, Zt 0 ((az + axx?))

= ed, Zt _,O(ag ) + 0xd, Zt . ((az + axx®)")
= O(édya’),
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where ||Q}|l2 = O(x?), ¢ is absorbed into 6 = (1+ B~ 1)e+ (dy +d, +1log(1/p))*/?n~1/2, and
dimension-free constant 2 > 0 depends on the system parameters.

Finally, let (K;)/_, be the optimal feedback gains in system ((A}, B}, R;)[_}, (Q;)L,). By the
union bound, with probability at least 1 — 8p,

A

J((K0)iZg) = J(R)ZH] = O(8dya),  1T((K))Z)) — JUK) )| = O(6dxah).
Therefore,
J((RD{Zy) = T(KD) )
K) ) (K =) + T((R) () = JUKD ) + T(KD (S = T(K), =)

J(
=0
@) T((l—i—,B )xe—l—dx(dx—i—du+log(1/p))1/2n’1/2)).

The proof is completed by rescaling 8p to p. O

If the input of linear regression has full-rank covariance, then by Lemma 6, the system parame-
ters can be fully identified. The certainty equivalent optimal controller in this case has a much
better guarantee compared to the rank-deficient case, as shown in the following lemma.

Lemma 10 (Linear quadratic control). Assume the ﬁnite -horizon linear time-varying system
(A7, Bf, Ry, (QN)L,) is stabilizable. Let (K;)_) be the optimal controller and (P;)l_, be the
solution to RDE (2.4) of system ((A}, Bf, R})[), (Qt )t o) Let (Kt)T: ! be the optimal controller and
(By)L_, be the solution to RDE (2.4) of system ((A, B, R})=, (Qt)fzo), where |A; — Afll, < e,
|B: — Bf|l2 < € and ||Qr — Qf|l2 < €. Then there exists dimension-free constant €y > 0 with €,
depending polynomially on system parameters, such that as long as € < €o, ||P; — P/ |l = O(e), ||K; —
K;|l2 = O(e) forall t > 0,and (Ry)[Z) is O((dx Ady) Te?)-optimal in system (A}, Bf, R}) 2y, (QF)Ey)-

Proof. (Mania et al., 2019) has studied this problem in the infinite-horizon LTI setting; here we
extend their result to the finite-horizon LTV setting.

We adopt the following compact formulation of a finite-horizon LTV system, introduced in (Zhang
et al., 2021, Section 3), to reduce our setting to the infinite-horizon LTI setting; since noisy and
noiseless LOR has the same associated Riccati equation and optimal controller, we consider the
noiseless case here:

X =[xp;...;x7|, w=/[up...;ur—1], w=[xp;wo;...;wr-1,

« Od xdyT dexdx:| « [ Od,xd, T
~ |diag(Ag,..., A%, O41vd diag(B§,..., By )]’
o = diag(QO,...,QT), R* = diag(Ry, ..., R7_1), = [diag(Ko, ..., K7r-1),04,1xd,]-

The control inputs using state feedback controller (Kt)T*1 can be characterized by u = Kx. Let
(PK)L, be the associated cumulative cost matrix starting from step t. Then

= (A} + B;K:) ' PK (A} + B{Ky) + Qf + K/ RiK;,

36



and PX := diag(PK, ..., PX) is the solution to
PX = (A* 4+ B*K) " PX(A* + B*K) + Q* + K R*K.
Similarly, the optimal cumulative cost matrix
P* .= diag(Py,...,P1),

produced by the RDE (2.4) in system (A*, B*, R*, Q*) (that is, system ((A}, B, R}) /=", (QF) L)),
satisfies

Let P = diag(po, .., Pr) be the optimal cumulative cost matrices in system (A, B, 0, R*) (that
is, system ((At, By, R*)t 0 s (Qt)t o)) by the RDE (2.4). Define K* := [diag(K},...,K}),04,7xd.],
where (K;)-] is the optimal controller in system (A*, B*, Q*,R*), and define K similarly for
system (A, B, Q,R*). By definition, (A*, B¥, Q*) is stabilizable and observable in the sense of
LTI systems. Therefore, by (Mania et al., 2019, Propositions 1 and 2), there exists dimension-free
constant €y > 0 with €, depending polynomially on system parameters such that as long as
€ < €p,

P —P*[la=0(e), [K—K2=0C(e),
and that K stabilizes system (A*, B¥). By (Fazel et al., 2018, Lemma 12),
J(R)) = TR = Yo ot o r(Ze(Re = K{) (R} + (Bf) " P4 By ) (K — K))
tr(Z(K — K*) " (R* + (B*) 'P*B*)(K — K*)),

where ¥ = diag(Xy, ..., Zr) and ¥ is E[x;x/ | in system (A*, B*) under state feedback controller
K. As a result,

J((K){Zy) = J(K")Zy) < [1Z[20IR* + (BY) "P*B*[|2]| K — K*|[.
Since K stabilizes system (A*, B*), ||Z||, = O(1). Since
IR = K¢ < ((dx Adu)T)?|[R = K*|J2,
we conclude that

J(K)iZ) = J((K)iZg) = O((dx A du) Te?).
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